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DIOPHANTINE EQUATION WITH BALANCING-LIKE
SEQUENCES ASSOCIATED WITH THE
SHOREY-TIJDEMAN-TYPE PROBLEM

BIJAN KUMAR PATEL AND PRASHANT TIWARI

ABSTRACT. Let {2, }n>0 be the balancing-like sequence defined by
Tn+l1 = ATy — Ty

with initial terms 2o = 0,21 = 1 for A > 3. In this study, we demon-
strate how to find all the solutions of the Diophantine equation,

3 6
=1 =4

in fixed integers A > 3, n1 > na > ng > 0,ns > ns > ng > 0,
and Chxpn, # Cizn,, where C;;1 < i < 6 are given integers satisfying
C1C2C3 # 0.

1. INTRODUCTION

A balancing number B is a natural number satisfying the Diophantine

equation

B—-1 R

di= 2k

j=1 k=B+1
for some natural number R [1]. If B is a balancing number, then 8 3% +1 is a
perfect square. The n-th balancing number is denoted by B,,. The balancing
numbers satisfy the binary recurrence By, 1 = 6B, — B,_1, By =0,B1 =1
which holds for n > 1. The balancing sequence has been studied extensively
and generalized in many ways [4, 5, 6, 7]. As a generalization of the balancing
sequence, Panda and Rout [5] introduced a family of binary recurrences
defined by

Tp41 = Azp —xp_1, 20 =0, 21 = 1,

for any fixed integer A > 3. Subsequently, these sequences were called
balancing-like sequences {z,, }»>0 since the particular case corresponding to
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A = 6 coincides with the balancing sequence. When A = 2, the binary
sequence xpn41 = 2T, — Tn—1 With xg = 0,21 = 1 generates the natural num-
bers. The sequence {x,,},>0 behaves like the sequence of natural numbers,
and for this reason, Khan and Kwong [3] called these sequences general-
ized natural number sequences. For each n, Dx2 4 1 is a perfect rational
square, where D = A24_4, is a perfect square and its positive square root is
called a Lucas-balancing-like number [5]. They have also noted that all the
balancing-like sequences are strong divisibility sequences. Further, different
associate sequences of a balancing-like sequence have been studied by Panda
and Pradhan [6]. The Binet formula of a balancing-like sequence {zp }n>0
is given by

where ~ ;= A+tvAT—4 V2AL4 and § ;= A=vAT—4 V2L4 are the roots of the characteristic
equation X2 — AX + 1 = 0. It is easy to see that v = §~!. Balancing-like
sequences satisfy the following divisibility property.

Lemma 1.1 ([5, Theorem 2.8]). For all m,n € N, gcd(Tm, Tn) = Tecd(m,n)-
In order to solve the main result, the following lemma is crucial.

Lemma 1.2 ([8, Lemma 2.2]). For every positive integer n > 1,
P < mn <A

Sahukar and Panda [9] dealt with the Brocard-Ramanujan-type equa-
tions @y, Tp, -+ T, £ 1 =Ty, OF Yy, Or y2, where {zn}n>0 and {ym }m>0 are
either balancing-like sequences or associated balancing-like sequences. Sub-
sequently, they [10] showed that each balancing-like sequence has at most
three terms that are one away from perfect squares.

Shorey and Tijdeman [11] proved under suitable conditions, that the equa-
tion Az + By™ = Cx"+ Dy" implies that max{n, m} is bounded by a com-
putable constant depending only on A, B, C, D, where A, B,C, D, m,n > 0.
Recently, Ddamulira et al. [2] studied a variation of the equation Ax™ +
By™ = Cz™ + Dy" with the terms of the Lucas sequence {Uy},>0. They
showed that there are two types of solutions of the Diophantine equation
AU, + BU,, = CU,, + DU,,,, sporadic solutions and parametric solutions.

Motivated by the above literature, we examine a variation of the Shorey
and Tijdeman equation related to balancing-like sequences. We study the
Diophantine equation

3 6
(1.1) > Cizn, =Y _ Cian,
=1 1=4

with ny > ng > ng > 0,ng > ns > ng > 0, and Cix,, # Cyx,,, where
{zn}n>0 is a balancing-like sequence and Cj;1 < i < 6 are given integers
such that C1C2C5 # 0. More precisely, we have the following result.
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Theorem 1.3. Let X := max{|Ci|;1 < i < 6} and ¢ := (3 +/5)/2
be the smallest possible v. Relabel the variables (ni,n2,ns, ng,ns,ng) as
(mlam27m37m4vm57m6)a where mq 2 ma Z ms3 Z my Z ms Z me. [f
ny = ng, we rewrite the Diophantine equation (1.1) as

(Cl — C4)1‘n1 + Canz + 03$n3 = C5xn4 + Cﬁxn5,

and change (C1,C2,C3,Cy, C5,Cg) to (Cr — C4,C2,C3,C5,C6,0).  Thus,
mi1 > ma. Furthermore, we change the sign of some of the coefficients
(C1,Cq,C5,Cy4,C5,Cp) so that the Diophantine equation (1.1) becomes

6
(1.2) > Aiwy, = 0.
=1

Assume A < 308X for any fized integer A > 3 of the characteristic equation
X2 — AX +1 =0. Then, the solutions of the Diophantine equation (1.2)
are of two types:

(i) Sporadic ones. These are finitely many and they satisfy:

3 5
e < log(12X) - log(1000X°) < log(123000X°)

logey s = logy log v ’
1og(17700000X ) 1og(4530000000.X9)
ms3 S , o = )
log 1) log
1og(99660000000.X 10)
my < .
log ¥

(ii) Parametric ones. These are one of the two forms:
(ma, ma, m3, ma, ms, me) = (M5 + 1, ms + k, ms + j,ms + i,ms5,0),
where

log(104000000X7) - log(4720000X9)

log v . log v ’

log(18500.X* log(130X?2
§ 2 los(1S500XY) - log(1307)
log v log vy

and v is a root of Ay X'+ Ag X + A3 X7 + Ay X'+ A5 = 0, or of the
form

I <

(m1, ma, m3, my, ms, me) = (Mme + m, me + 1, mg + k,me + j, me + i, mg),

where
_ og(8305000000X%) | _ log(377500000X%) _ log(1485000X°)
- log v T log 1 T log v ’
4 2
§ < log(10300XY) o log(80X%)

log ¥ met = log v
and vy is a root of

A X™ 4+ Ao X+ AsXF + Ay X7 + As X+ Ag = 0.
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2. MAIN RESULT
To achieve the objective of this paper, we need the following result.

Lemma 2.1. Let C;;1 < i < 6 are given integers such that C1CoC5 # 0
and (1.1) holds. Then A < 308X, where X := max{|C;|;1 <i < 6}.

Proof. Case 1. If C3 = Cg = 0, then (1.1) becomes Cizy,, + Cozp, =
Cyzxn, + Csxpy for any ns,ng > 0. We have the following subcases for it.

Subcase 1. If Cy = Cs = 0, then Ciz,, = —Coxy,, for any ngy > ns > 0.
Since Cix,, # Cizy, and C1Cy # 0, we get both n; and ny are nonzero.
Thus from Lemma 1.1 and by taking no # 0, we have % divides Cy, where

d := ged(ny,ng). For I > 2 let Id := ny. If d = 1, then % =2 — g >

xr1

ld ld
29 = A, s0 A< X. For d > 2, we have % = Vvd:gd . Now, we can show
that W 0
-4

which is equivalent to 44 — %+l > §ld — §9=1  Since d > 2 and |69 < 1,
therefore it is sufficient to show that v2¢ — 44+ > 29. The left-hand side is

2 L el dT )
>y - 1),

The smallest possible v is ¢ = % (for A =3) and Y@ (yp —1) > 3 (¢ —
1) > 29. Hence, v < %‘; < X, which gives A = v+ 6 < v < X. By virtue of
ni—d—1

nq—1
and g4 < 7%, s0 T > 1o =4

Lemma 1.2, we have z,, > y™~!

Since d is a proper divisor of n; and d > 2, we get d < %', Therefore we
obtain % > 771_1. Since % divides Cs, we get
Y < X.

Taking the logarithm on both sides of the above equation leads to

log X
ny <2428
log
Since v > 1, we have
log X
2.1 0 <242 .
( ) <ng <nig <2+ 10g¢

Subcase 2. If one of C4, C5 is nonzero and the other is zero. Therefore we
assume that Cy # 0,C5 = 0 and ng # 0. Then we have

Clwnl + Cgl‘nz = 041'”4.

If ny = ny, then (C1—Cy)xy,, = —Caxy,, so from Subcase 1, we get the bound
A < X. If ny # ng and ny = 0, then again from Subcase 1, we obtain the
bound A < X. If n; # n4 and ny # 0, then Cyzy, + Coxy, = Cyzy,. Since
ny # ng, we have to switch C with Cy. If needed, assume ny = max{ni,n4},
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then n; > nyg. We rename our indices (n1,n2,n4) as (mq,mg, ms) where
mq1 > meo > mg and the coeflicients C1, Csy, Cy as A1, As, A3 and change the
signs to no more than a few of them, making our equation

(2.2) ATy, + AT, + A3ty = 0.
Using the Binet formula of {z), },>0, we have
Agy™ = | = Ap(y™ — 572 — Ag(™s — §75) — A,57] < 5XA™.
Hence,
(2.3) T2 < B5X

Thus, since m1 > mo, we get that A < v < 4™ ™™ < 5X. Keeping in
mind that we might need to substitute 2X instead of X, we get the bound
A <10X.

Subcase 3. If both C4 and C5 are nonzero, then

Cla:m + CQ:L'n2 = C4acn4 + C5:L'n5.

If ny = ny, then (Cy — Cy)zp, + Coxpy, = Cszpy. If ng = 0 or ns = 0,
then again from Subcase 1, we get the same bound A < X. If both ng, ns
are nonzero, then we replace (Cy,Cq,Cy,C5) — (C1 — Cy,Co,C5,0) and
similar to the Subcase 2, we get the bound A < 10X. If ny # n4 and no, ns
both are nonzero, then Cyz,, + Coxy, = Cixn, + Csxps. Since ny # ny,
we have to switch C; with Cy. If needed, assume ny; = max{nj,ns}, then
ny > nyg. We rename our indices (ni,ng,ng,ns) as (mq, ma, ms, mg) where
mi1 > mgy > mg3 > my and the coefficients C1, Cy, Cy, Cs as Ay, As, Ag, Ay
and change the signs to no more than a few of them, making our equation

(2.4) ATy + ATy + A3ty + Asxi, = 0.

Using the Binet formula of {z), },>0, we have

[AL]y™ = | = Ap(y™* = 0™2) — A3(y™ — ™) — Ag(y™* — ™) — A16™|
< TXA™2

Hence,

(2.5) LI '

Thus, since my > meo, we get that A < v < 4™7™™2 < 7X. Keeping in
mind that we might need to substitute 2X instead of X, we get the bound
A< 14X.

Case 2. If one of C5,Cg is nonzero and the other is zero. Assume that
Cs # 0 and ns # 0. If Cg = 0, then

Cl$n1 + sznz + 03$n3 = C423‘n4 + C5J?n5.
If n1 = ny, then (C1 —Cy)zp, +Cozp, +Cs2py = Cspy. So using Case 1, we
get the bound A < 14X. Keeping in mind that we might need to substitute
2X instead of X, we get the bound A < 28X. Thus, we may assume that

ny # ng, then switch C with Cy. Assume that n; = max{nj,n4}. Therefore
ny > nyg. We rename our indices (n,ng,ng, ng,ns) as (my, ma, ms, mq, ms)
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where m1 > mg > m3 > myg > ms, and the coefficients C7, Co, C3,Cy, Cs
as Aq, As, Az, A4, As and change the signs to no more than a few of them,
making our equation

(2.6) A1Zp, + ATy + A3y + Aaim, + Astp, = 0.

Using the Binet formula of {zy,},>0, we have

[Ar|[y™ =] = Ap(y™* — ™) — A3(y™® — 6™) — Au(y™* — ™)
_ A5(7m5 _ 5m5) _ A15n1| < 9X7m2
Hence,
(2.7) AT < 9 X,

Thus, since my > meo, we get that A < v < 4™7™™2 < 9X. Keeping in
mind that we might need to substitute 14X instead of X, we get the bound
A< 126X.

Case 3. 1If both Cs, Cg are nonzero. In this case, we have

C1$n1 -+ ngm + C3$n3 = C4:Cn4 + C5£L’n5 -+ Cﬁan.

If ny = ny, then (Cl — C4)3?n1 + Cgivm + C3$n3 = C5xn5 + Cﬁx%. Ifn, =0
or ng = 0 or ns = 0 or ng = 0, then in all the cases, we use Case 1 and
get the bound A < 28X. Otherwise, we replace (C1,Ca,Cs,Cy, Cs,Cg) —>
(C1 — C4,Cy,C5,C5,C4,0). The only change is that 28X is replaced with
56X . Thus, we may assume that ny # ng4, then switch C7 with C4. Suppose
that n; = max{ny,ns}. Therefore ny > ny. We rename our indices

(nla nz2,n3, N4, Ny, nﬁ) as (mh ma, M3, my, ms, mG)

where mq > mo > m3 > my4 > ms > mg and the coefficients Cq, Cy, Cs, Cy,
Cs,Cq as A1, Ao, A3, Ay, As, Ag and change the signs to no more than a few
of them, making our equation

(2.8) A1y + AoTimy + A3y + AaTi, + AsTimg + AeTimg = 0.

Using the Binet formula of {zy, },>0, we have

|A1[7™ = | — Ag(7™2 — 672) — A3(y"™3 — §™3) — Agy(y™ — )
— A5(y™ — §™5) — Ag(y™6 — §") — A16™| < 11XA™2.
Hence
(2.9) AT < 11X,

Thus, since m1 > mo, we get that A < v < 4™ 7™2 < 11X. Keeping in
mind that we might need to substitute 28X instead of X, we get the desired
bound which is A < 308X. O
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3. PROOF OF THEOREM 1.3

From the above lemma we establish A is bounded. Now, we will show that
for all A, the equation has finitely many solutions. To do this, we consider
the case where both C5 and Cg are nonzero. In the case where ny = ny, by
substituting (Cl, (s, Cs,Cy, Cs, 06) — (Cl — Cy4,Cs,C5,C5, Cg, 0), we get
the bound of A < 56X. On the other hand, if n; # ny4, the bound becomes
A < 308X. Therefore, we assume that m; > mg > mgz > my > ms > mg
and that (2.8) holds. Consequently, estimate (2.9) is satisfied, so

log(11X)
3.1 — =N Saluine
(3.1) my —mo < log 0
Using the Binet formula of the balancing-like sequences in (2.8), we get
_ A A
7m2 (Alryml "+ A2) B (’le ’7m2>‘ B | - A3('ym3 - 5m3)
= Agfy™ = §7) = As(y — 67) = Ag(y™ — 67

(3.2) < 8XA™3,
Since my — mg > 0, A1y™ 72 4+ Ay £ 0. Thus
| A1y™ 7™M - Ap| |A8™ M2 4 As| > 1
Since |A10™1 ™2 4+ Ag| < 2X, we get |[A1y™ 72 + Ay| > 1/2X. Further

A1 A2 < 2X
ymL L ym2 | T oyme

Hence,

m2
,ymz (Al’}/ml_m2 —|—A2) _ ( Ay n Ao >‘ > Y 2X

fyml p)/mg - 2X p)/mg .
Now, assume

,.ymg - 2X < ,me

2X  ym2 T 88X

Then v?™2 < 6X2, so y™2 < 3X. Hence

(3.3)

1 X
(3.4) me < ms < mg < mg < mo < o8(3X)
log ¥
Using (3.1), we have
log(33X?2)

(3.5) my < 10g1/)
If (3.3) does not hold, then

o 2X

< — < 8XAH™Ms
8X = 29X  ame =07
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Then ~™27™3 < 64X 2, SO

1 X

(3.6) ms — ms < 2.088%).
log

Rewriting (2.8), we have

Ao

A
Y™ (Ay™MT 4 Agy™2 TS 4 Ag) — (

Y™

2

A
o))
yms

= [~ A4y = 87™) = As(y™ = 57%) = Ag(y" = ")

(3.7) <6Xy™.

Assume A1y T3 4 Agy™27™3 4 A3 = 0. Let ¢ = mo —mg3,j = m1 — ms3.

Then

log(704X3) and i < 2

log(8X)

)= log ¥ - logv
are bounded. Therefore one can find all polynomials A1 X7 4+ A, X? 4 A3 and
take the polynomial which has a root «, where v is a quadratic unit of norm
1. Since ¢ is also a root of the same polynomial for these balancing-like
sequences, the left-hand side of (3.7), for any mg, is zero. This proves that

my4 = ms = mg = 0 as well. Further, we have

(m1, ma, m3, ma, ms, mg) = (M3 + j,m3 +1i,m3,0,0,0)

is a parametric family of solutions. From now on assume that A;y™~"3 +

Agny™M27m3 4 Ag 75 0. Thus,

|Ay™ 778 4 Ay ™28 - Ag| | AT 4 Apd™ TS 4 Ag] > 1.

Since

}A15m1—m3 + A25m1—m3 + Ag‘ < 3X,

which implies [A1y™17™3 4 Agy™27T8 4 Ag| > ?%X As a result, we have

‘ A As As 3X
+ < )
,ym1 /ym2 f}/m?) - rymB
Hence,
B _ Ay Ay Aj
AT (AT 4 Apy™ T 4 Ag) — (7% M2 yma

)|

™ 3X
—3X Ams’

If 3 — 35 < T2 then 42" < 18X2, s0 4™ < 5X. Hence,

3X 6X
log(5X
(3.8) me < ms < my < ms < M
log 1
Using (3.1) and (3.6), we have
log(320X73) log(3520X %)
3.9 < =" Zandm < ———— 7,
(39) TS T gy TS T gy
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Now, assume %% < % - j’TXS < 6X~™4, then y™3~™4 < 36X2. Hence,
log(6X)

3.10 - <2—=——7

(3.10) my = ma <2500

If we rewrite (2.8), then we have
1 2 ™3 A A A: A
e (T T ) = (e )
= [=A5(y™° = ™) — Ag (™" — 6™

(3.11) < 4XA"S.
Assume Ay T 4 AgnM2TM 4 AgA™3TM = (). Let ¢ = mg — my,j =
mo — my, k = mq1 — my. Then
log(25, 344X° log(2304X* log(6X
p < 108(25,344X°) . log( ) and i < 2208(6%)
log ¢ log v log v

are bounded. Therefore one can find all polynomials Ay X kit Ao X7 4+ A3 X+
Ay and took that polynomial which has a root «y, where « is a quadratic unit
of norm 1. Since § is also a root of the same polynomial for these balancing-
like sequences, the left-hand side of (3.11), for any my, is zero. This proves
that ms = mg = 0 as well. Next, we have

(m17 m2, M3, M4, M5, mﬁ) = (m4 + ka mq + j? my + 1, My, 07 0)
is a parametric family of solutions. From now on assume that Ay~ +
Agy™27Ma - Agy™3Ta + Ay £ (0. Thus,
|A1y™ 7™ 4 Agy™2 T 4 Agy™ T+ Ay
X |A15nmim4 4+ AgdRTM o AT A4‘ > 1.
Since |A15™17 4 Agd™2T™M4 4 Azd™3T™4 + Ay| < 4X | which implies
1
[A1y™ 7T 4 AgyE T 4 Agy ™M 4 Ag| 2
As a result, we have
A A A A
ml A2 As A
f)/ 1 fme f}/m3 fym4

4X
= ’ym4'

Hence,
m ma2 m3 A A A A
SN (97 P it S 7 ) [ Ly 2 08
rym4 rym4 rym4 fyml /ym2 7"3 f}/n4
S A 4X
T A4X gyl
If 12— f,ﬁ < T, then %™ < 32X2, s0 y™ < 6X. Hence,
log(6X)

3.12 < < < =7
( ) me =~ M5 = M4 > log ¢
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Using (3.1), (3.6) and (3.10), we have

3log(6X log (13824 X° log (152064 X6
(3.13) my < 21806%) - 10g(382XT) |y < 108(152064X7)
log ¢ log ¢ log 1)
Now, assume 'é% < % — ,;L,ii < 4X~™s, then v~ ™5 < 32X 2. Hence,
log(32X2
(3.14) my —ms < 10BB2XT)
log ¢

Again, rewriting (2.8), we have
‘,yms (Al,yrm—ms +A2,7m2—m5 +A37m3—m5 +A4,ym4—m5 +A5)
A A A A A
_ < m1 4 2 3 I 4 I 5 > ’
7 1 fym2 fym?; ,-ym4 fymfy
= [=As(y™ = 8™))
(3.15) < 2X7m6.

Assume Ajy™M1ITMs 4 Agny™M2TTE f AgqMBTS  Auq™aTMs 4 Ag = 0. Let
i =myg —ms,j =mg—msz,k=mo—ms,l =mq —ms. Then

7 6 4 2
< log (811008 X ),ks log (73728 X )J_ - log(1152X%) and i < log(32X?)
log ¢ log v log ¢ log ¢

are bounded. Therefore one can find all polynomials A; X by Ap Xk 4 A3 XTI+
A4 X" + As and took that polynomial which has a root «, where v is a
quadratic unit of norm 1. Since § is also a root of the same polynomial for
these balancing-like sequences, the left-hand side of (3.15), for any ms, is
zero. This proves that mg = 0 as well. Next, we have

(m1, ma, m3, mg, ms,me) = (ms +1,ms + k,ms + j,ms + i, ms,0)
is a parametric family of solutions. From now on, assume that
Al,yml_WS +A2’7m2_m5 +A3,ym3_m5 +A4,ym4_m5 +A5 ?é 0
Thus,
‘A1’Ym1_m5 +A2’ym2_m5 +A3’7m3_m5 +A4’ym4_m5 +A5’
X ‘A15m17m5 + Agd2TE o AT TE - A TS A5| > 1.
Since ’A15m1_m5 + Ad™2TME 4 AgHTB TS 4 A TATTS A5‘ < 5X, which
implies
1
‘Al,ymlfm5 +A2,ym27m5 +A3,}/m3*m5 _|_A4,.ym4*m5 +A5 Z 57
As a result, we have
A A A A A 5X
L2 B B S 2
f)/ 1 f)/m2 Pym?) 7m4 fymf) ,-)/ms
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Hence, the left-hand side of (3.15) is at least as large as

™M X
5X  Ams’
If I — j—X <4 10X7 then 425 < 50X?2, so v < 8X. Hence,
log(8X)
3.16 < < 2o\
(3.16) e v

Using (3.1), (3.6), (3.10) and (3.14), we have

3 5 7
— log(256.X°) < log(9216.X°) g < log(589824.X ")

log v 18 = logy 7 log v

(3.17) and my < log(6488064.X°)

' - log v ’
Now, assume YOL;( < 75% — 7— < 2X~™6 then 4y™5~™6 < 20X2. Hence,

log(20X2
(3.18) ms —mg < 282X
log v
Again we rewrite (2.8) to have
™ o e ™ e
”ym6 <A1 e + A27m6 + A37m6 + A4’7m6 + A5’ym6 + Ag

(3.19) =m0 (2 A S A a0 g

. = Usme 25me 3%5ms 45ms 5Sme 6

Assume that the left-hand side of (3.19) is zero. Let i = ms — mg,j =
my — mg, k = mg —mg,l = my — mg, m = m1; — mg. Then

log(16220160X7) < log(1474560.X8) L < log(23040X©)

= log 1 T log 1 T log v
log(640X* log(20X2
§ < los(010XY) | log(20X?)
log v log v

are bounded. Therefore one can find all polynomials A1 X4 A X!+ A3 X<+
A4 X7 + A5 X' + Ag and took that polynomial which has a root vy, where
is a quadratic unit of norm 1. For such, (3.19) holds for all mg. Hence, we
have the parametric family of solutions

(m1, mg, m3, ma, ms, me) = (me +m, me + 1, me + k, me + j, me + 1, mg).

From now on we assume that the left-hand side of (3.19) is nonzero. Thus,

mi m2 m3 my ms
AL T AT A oA

me 2 ,ymg ,Ymg ,Ymg rymG

+ Ag

mi mo ms ma ms

+A25 +A35 +A45 +A55

X Al — +Ag| > 1

om
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The second factor on the left-hand side of the above equation is < 6X and

hence

mq ms

ym™ Y2 Y3 v 0 1
A T Ao g A A s A 2 6y

Thus, (3.19) becomes

which gives
log(6X)
3.20 < /.
(3.20) L v
Using (3.1), (3.6), (3.10), (3.14) and (3.18), we have
log(6X)
6 > 10g¢ )
log(120X3)
log v
log(3840X°)
A4S ————
log 9
log(138240X7)
3.21 < =T
(321) my < SEEPRRE),
9
g < log(8847360.X )7
log ¥
log (97320960 X 10)
mi é .
log 9
Note that (3.21) contains (3.16), (3.17), (3.12), (3.13), (3.8), (3.9), (3.4) and
(3.5). Keeping in mind that we might need to substitute 2X instead of X
and this completes the proof of the Theorem 1.3.

ms =~

4. NUMERICAL EXAMPLE

Take Ai, Ao, A3, Ay, As, Ag € {O,:l:l} Hence X = 1, therefore A < 308.
Thus, Theorem 1.3 says that the sporadic solutions are of the form

Ty £ AoXpmy, £ A3, £ Agxm, £ Askimy £ AsTmg = 0,

where AQ,Ag,A4,A5,A6 S {O,il}, mi > mg > mg > my > ms > mg > 0.
Here mg < 3,ms < 8, myg < 13,mg < 18, my < 24 and my > mo. Now
for r € [3,308],m6 S [0, 3],m5 S [m6,8],m4 S [m5,13],m3 € [m4,24],m2 S
[ms,24], a1 € {0,1} and ag, as, ag, a5 € {0, £1}, we search the equation

Tmy :‘ 02Tm, + A3Tms4 + 4Ty, + A5Tm; + AGLmg ‘7

holds for some mi; > mo. Using Mathematica software, we found 127 so-
lutions. Out of them, 114 solutions correspond to A = 3, 12 solutions
correspond to A = 4 and only one solution x1 + 1 + 21 + 21 + 1 = X9
corresponds to A = 5.
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