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LINEAR ARBORICITY OF THE TENSOR PRODUCTS OF

COMPLETE MULTIPARTITE GRAPHS

P. PAULRAJA AND S. SAMPATH KUMAR

Abstract. The linear arboricity of a graph G, denoted by ℓa(G), is
the minimum number of linear forests which partition the edge set of G.
Akiyama et al. conjectured that ℓa(G) =

⌈
k+1
2

⌉
for any k-regular graph

G. This conjecture is proved to be true for k = 3, 4, 5, 6, 8, 10. Also, in [P.
Paulraja and S. Sivasankar, Linear Arboricity of the Tensor Products of
Graphs, Utilitas Math. 99 (2016) 295–317], the conjecture is proved for
the tensor product of complete graphs. Although the conjecture was not
proved in general, we have proved that the tensor product of two regular
complete multipartite graphs confirms the conjecture in the affirmative.

1. Introduction

All graphs considered here are simple and finite. Let Ck (resp. Pk) denote
the cycle (resp. path) on k vertices. Let Km denote the complete graph.
For S ⊆ V (G), ⟨S⟩ denotes the subgraph of G induced by S. Similarly, for
F ⊆ E(G), ⟨F ⟩ denotes the edge induced subgraph of G induced by F. For a
graph G, if its edge set E(G) can be partitioned into E1,E2, . . . ,Ek such that
⟨Ei⟩ ∼= H, for all i, 1 ≤ i ≤ k, then we say that H decomposes G. A factor
of a graph G is a spanning subgraph of G. A k-factor of G is a spanning
subgraph of G in which each vertex is of degree k. A k-factorization F =
{F1, F2, . . . , Fℓ} of the graph G is a partition of E(G) into F1, F2, . . . , Fℓ,
where ⟨Fi⟩, 1 ≤ i ≤ ℓ, is a k-factor of G. A subgraph H of G is orthogonal to
a k-factorization F = {F1, F2, . . . , Fℓ} of G if |E(H) ∩E(Fi)|= 1, 1 ≤ i ≤ ℓ.

A k-regular graph G is called Hamilton cycle decomposable if G is decom-
posable into k

2 Hamilton cycles when k is even and into (k− 1)/2 Hamilton
cycles together with a 1-factor (perfect matching) when k is odd. For a real
number x, ⌈x⌉ denotes the least integer not less than x. A latin square of
order n is an n × n array, each cell of which contains exactly one of the
symbols in {1, 2, 3, . . . , n}, such that each row and each column of the array
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contains each of the symbols in {1, 2, . . . , n} exactly once. A transversal T
of a latin square of order n on the symbols {1, 2, . . . , n} is a set of n cells, ex-
actly one cell from each row and each column, such that each of the symbols
in {1, 2, . . . , n} occurs in a cell of T.

For two simple graphs G and H their tensor product, denoted by G×H,
has vertex set V (G) × V (H) in which (g1, h1)(g2, h2) is an edge whenever
g1g2 is an edge in G and h1h2 is an edge in H, see Figure 1. Similarly, the
wreath product of the graphs G and H, denoted by G ◦ H, has vertex set
V (G)×V (H) in which (g1, h1)(g2, h2) is an edge whenever g1g2 is an edge in
G, or g1 = g2 and h1h2 is an edge in H. Note that Km ◦Kn is the complete
m partite graph in which each partite set has n vertices. If H1, H2, . . . ,Hk

are edge disjoint subgraphs of G which partition the edges of G, then we
write G = H1 ⊕H2 ⊕ · · · ⊕Hk. It is known [14] that the tensor product is
commutative and distributive over edge-disjoint union of graphs, that is, if
G = H1⊕H2⊕· · ·⊕Hk, then G×H = (H1×H)⊕(H2×H)⊕· · ·⊕(Hk×H).
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Figure 1: The graph C5 × P4.
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Figure 1. The graph C5 × P4.

We shall use the following notation throughout this paper. Let G be a
bipartite graph with bipartition (X,Y ), where X = {x0, x1, . . . , xn−1} and
Y = {y0, y1, . . . , yn−1}. If G contains the set of edges Fi(X,Y ) = {xjyj+i |
0 ≤ j ≤ n − 1, where subscripts are taken modulo n}, 0 ≤ i ≤ n − 1,
then we say that G has the 1-factor of jump i from X to Y . Note that
Fi(X,Y ) = Fn−i(Y,X), 0 ≤ i ≤ n − 1, where the suffix is taken modulo n
and we assume Fn(X,Y ) = F0(X,Y ) = F0(Y,X). Clearly, if G = Kn,n, then

E(G) = ∪n−1
i=0 Fi(X,Y ).

Let G andH be simple graphs with vertex sets V (G) = {x0, x1, . . . , xm−1}
and V (H) = {y0, y1, . . . , yn−1} , then V (G × H) = V (G) × V (H) and for
our convenience, we write V (G) × V (H) = ∪m−1

i=0 Xi, where Xi stands for
{xi}× V (H). In what follows, we shall denote the set of vertices of Xi, 0 ≤
i ≤ m− 1, by {xi,j | 0 ≤ j ≤ n− 1}, where xi,j stands for the vertex (xi, yj)
of G × H. We shall call Xi, the ith layer of G × H. Further, we shall call
Yj = {xi,j | 0 ≤ i ≤ m − 1}, 0 ≤ j ≤ n − 1, the jth column of G × H,
see Figure 1. It is clear that G × H is an m-partite graph with partite
sets X0, X1, . . . , Xm−1; it can also be considered as an n-partite graph with
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partite sets Y0, Y1, . . . , Yn−1, where Yi = V (G) × {yi}. Definitions not seen
here can be found in [2] or [3].

A linear forest is a graph in which each of its components is a path. The
linear arboricity of a graph G, denoted by ℓa(G), as defined by Harary [7],
is the minimum number of linear forests which partition the edge set of G.
Akiyama et al. [8] posed the following conjecture.

Conjecture 1 ([8]). For any k-regular graph G, ℓa(G) =
⌈
k+1
2

⌉
.

The above conjecture is proved for complete graphs and graphs with maxi-
mum degree 3, 4, 5, 6, 8, 10; see [9, 5, 6, 8]. The above conjecture is equivalent
to the following conjecture, which we call the linear arboricity conjecture
(LAC).

Conjecture 2 (LAC). For any graph G,
⌈
∆(G)

2

⌉
≤ ℓa(G) ≤

⌈
∆(G)+1

2

⌉
.

LAC has been verified to be true for the classes of graphs such as com-
plete bipartite graphs, trees, Halin graphs, series-parallel graphs and pla-
nar graphs, see [8, 15, 16, 17, 19]. Alon [1] proved that for every ϵ > 0,
ℓa(G) ≤ (12 + ϵ)∆ for every graph G with sufficiently large ∆.

Muthusamy and Paulraja [11] and independently Wu [18] verified the
LAC to be true for regular complete multipartite graphs Kr ◦Ks, r ≥ 3. In
[13], LAC has been verified to be true for the graphs Kr ×Ks, r, s ≥ 2, and
Kr,r × Ks, r ≥ 1, s ≥ 2. In this paper, we consider the linear arboricity of
the tensor product of regular complete multipartite graphs.

We prove the following theorem in support of Conjecture 2 using the
results of [13].

Theorem 1.1. For m,n, r, s ≥ 3, the ℓa
(
(Kr ◦Ks)× (Km ◦Kn)

)
is

⌈
∆
(
(Kr ◦Ks)× (Km ◦Kn)

)
+ 1

2

⌉
=

⌈
(r − 1)(m− 1)ns+ 1

2

⌉
.

2. Main Result

In this section, we prove that the LAC is true for the graph (Kr ◦Ks)×
(Km ◦ Kn). Paulraja and Sivasankar proved that the LAC is true for the
tensor product of complete graphs Kr×Ks, r, s ≥ 2, see [13]. They achieved
this by considering three different cases, namely (i) r and s are even, (ii) r
is even and s is odd and (iii) both r and s are odd. The following are the
notation and results in [13], which we use extensively in the proof of our
main theorem.

First we define two graphs, R′ and R′′, which are subgraphs of K2r,2r −
F0(X,Y ) and K2r+1,2r+1 − F0(X,Y ), respectively, as follows: let X =
{x0, x1, . . . , x2r−1} and Y = {y0, y1, . . . , y2r−1}. The subgraph
R′ = ⟨F2r−1(X,Y )⟩ , where F2r−1(X,Y ) is the 1-factor of jump 2r − 1
from X to Y in K2r,2r, see Figure 2(a). Similarly, R′′ = { ⟨F1(X,Y )⟩ −
{x2r−1y2r, x2ry0} } ∪ x2r−1y0, where X = {x0, x1, . . . , x2r} and
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Figure 2. Graphs R′ and R′′ when r = 3.

Y = {y0, y1, . . . , y2r}, see Figures 2(a) and 2(b) for R′ and R′′, respectively,
when r = 3.

We list below some known results for our future reference.

Lemma 2.1 ([13]). Let the cycle C2r = x0x1x2 . . . x2r−1x0. For r ≥ 2
and m ≥ 1, C2r × K2m can be decomposed into 2(m − 1) Hamilton paths,
a linear forest and a matching R′ (defined above), which is contained in
⟨X2r−1 ∪X0⟩ ⊆ C2r ×K2m; that is, linear arboricity conjecture is true for
C2r ×K2m. □

The linear forest and R′ of Lemma 2.1 are shown in Figure 3 for 2r = 6
and 2m = 8.

Lemma 2.2 ([13]). For r ≥ 2 and m ≥ 1,

ℓa(K2r ×K2m) =

⌈
(2r − 1)(2m− 1) + 1

2

⌉
.

Lemma 2.3 ([13]). Let Cr = x0x1 . . . xr−1x0. For r ≥ 3 and m ≥ 1, the
graph Cr ×K2m+1 is decomposable into 2m Hamilton paths and a matching
R′′ of ⟨Xr−1 ∪X0⟩ ⊂ Cr ×K2m+1; that is, the linear arboricity conjecture is
true for Cr ×K2m+1. □

Lemma 2.4 ([13]). For r,m ≥ 1, ℓa(K2r ×K2m+1) =
⌈
(2r−1)2m+1

2

⌉
.

Lemma 2.5 ([13]). For r,m ≥ 1, ℓa(K2r+1 ×K2m+1) =
⌈
4rm+1

2

⌉
. □

Clearly, Kr ◦Ks (resp. Km ◦Kn) is the complete multipartite graph with
partite sets X0, X1, X2, . . . , Xr−1 (resp. Y0, Y1, Y2, . . . , Ym−1), where each
partite set has s vertices (resp. n vertices). Consider the tensor product
of two regular complete multipartite graphs, that is, (Kr ◦ Ks) × (Km ◦
Kn),m, n, r, s ≥ 3. Let Xi,j denote the set Xi × Yj ⊂ V ((Kr ◦Ks)× (Km ◦
Kn)). If we identify each independent set Xi,j , of size ns, as a vertex xi,j and
join xi,j and xk,ℓ by an edge if and only if ⟨Xi,j∪Xk,ℓ⟩ is a complete bipartite
graph Kns,ns, then the resulting graph is isomorphic to the graph Kr ×Km,

see Figure 4. Hence the graph (Kr ◦Ks)× (Km ◦Kn) ∼= (Kr ×Km) ◦Kns.
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Figure 3(a): A linear forest in C6 ×K8 obtained by the edges deleted from the six Hamilton cycles of C6 ×K8 (as in
Lemma 2.1) together with {∪2

i=0{F1(X2i, X2i+1) ∪ F7(X2i+1, X2i+2)}} − F7(X5, X0) in C6 ×K8. The broken and solid
edges constitute two paths in this linear forest. For clarity X0 is drawn twice; if the last X0 when superimposed with

the first X0 we get the desired paths.
Figure 3(b): The subgraph R′ of ⟨X5 ∪X0⟩ , contained in C6 ×K8, is obtained after the deletion of the edges of the 6

Hamilton paths and a linear forest described in (a).

Figure 3: A linear forest and R′ in C6 ×K8.

1

(a) A linear forest in C6 ×K8 obtained by the edges deleted from the six
Hamilton cycles of C6 ×K8 (as in Lemma 2.1) together with

{∪2
i=0{F1(X2i, X2i+1) ∪ F7(X2i+1, X2i+2)}} − F7(X5, X0)

in C6 ×K8. The broken and solid edges constitute two paths in this linear forest.
For clarity X0 is drawn twice; if the last X0 when superimposed with the first X0

we get the desired paths.

(b) The subgraph R′ of ⟨X5 ∪X0⟩ , contained in C6 ×K8, is obtained after the

deletion of the edges of the 6 Hamilton paths and a linear forest described in (a).

Figure 3. A linear forest and R′ in C6 ×K8.

This means that corresponding to each edge of Kr×Km, we have a complete
bipartite graph Kns,ns in (Kr ×Km) ◦Kns, see Figure 4.

The main idea and outline of the proof of Theorem 1.1 is the following.
We prove that the LAC is true for the graph (Kr ◦Ks)× (Km ◦Kn) in three
cases: (i) r and m are even (ii) r is even and m is odd and (iii) r and m
are odd. In all three cases, we reduce the graph (Kr ◦Ks)× (Km ◦Kn) into
Kr×Km by identifying a set of vertices as described in Figure 4. We use the
linear forest decomposition of Kr × Km in [13] and “blow” up each of the
linear forests into the corresponding subgraph of (Kr×Km)◦Kns to obtain
the required number of linear forests in the graph (Kr ◦Ks) × (Km ◦Kn).
During the process of blowing up the vertices, we need the linear forest
decomposition of some special graphs described in this paper, where we
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Figure 4. A small box Xi,j denotes the ns independent
vertices Xi × Yj . The vertex xi,j of Kr × Km is the cor-
responding vertex of the independent set Xi,j of size ns

in (Kr × Km) ◦ Kns and vice versa. Also the layers of
(Kr ×Km) ◦Kns are denoted by Xns

i , 0 ≤ i ≤ r − 1.

have identified perfect matchings or partial matchings to concatenate the
vertices to make the requiered number of linear trees.

The following theorem is proved in [4]. For the sake of completeness we
give the proof of it as we need the decomposition of the graph for our future
reference.

Theorem 2.6. For r ≥ 3 and s ̸= 2, 6, Cr ◦ Ks can be decomposed into
Hamilton cycles.

Proof. Let Cr = 12 3 . . . (r − 1) r 1. Since s ̸= 2, 6, there exists a pair
of orthogonal latin squares, of order s, say Ls and L′

s with symbol set
{0, 1, 2, . . . , s − 1}, see [10]. Then Ls can be partitioned into s disjoint
transversals, see [10]. We denote the elements of Ls by ordered triples
(α, β, γ), where α is the row index, β is the column index and γ is the sym-
bol in cell (α, β). Let T1, T2, . . . , Ts be the s disjoint transversals of Ls. To
each Ti we construct a Hamilton cycle in Cr◦Ks as follows. If the αth row el-
ement of Ti is the triple (α, β, γ), then we construct a path Pα

i , 0 ≤ α ≤ s−1,

in Cr ◦Ks as follows: Pα
i = (1, α)(2, β)(3, α)(4, β) . . . (r − 1, α)(r, β), if r is

even and (1, α)(2, β)(3, α)(4, β) . . . (r−1, β)(r, γ), if r is odd. The ith Hamil-
ton cycle is obtained by the union of s paths P 0

i , P
1
i , . . . , P

s−1
i and then join

an edge from the last vertex of each P j
i , 0 ≤ j ≤ s− 1, to the first vertex of

P j+1
i , where the addition is taken modulo s. Let Ei be the set of edges that

have been added to get the ith Hamilton cycle, then the ith Hamilton cycle
is Hi = P 1

i ∪ P 2
i ∪ . . . ∪ P s

i ∪ Ei. Proceeding like this for every transversal,

we get a Hamilton cycle decomposition of Cr ◦Ks. Ei ∩ Ej = ϕ, i ̸= j, can
be verified by the latin square property.
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This completes the proof of the theorem. □

Lemma 2.7. For r ≥ 3 and s ̸= 2, 6, Cr ◦ Ks admits a Hamilton cycle
decomposition H such that for any given fixed j, there is a 1-factor in
⟨Xj ∪Xj+1⟩ which is orthogonal to H .

Proof. Let Cr = 12 3 . . . (r − 1) r 1. Fix the jth edge j(j + 1) of Cr, where
addition is taken modulo r with residues 1, 2, . . . , r. Let H = {Hi|1 ≤ i ≤ s}
be a Hamilton cycle decomposition of Cr◦Ks, by Theorem 2.6. Let us denote
by M the set of jth edge of each of the paths P 1

1 , P 2
2 , P 3

3 , . . . , P s−1
s−1 , P s

s

contained in the Hamilton cycles H1, H2, . . . ,Hs, respectively, see the proof
of Theorem 2.6. Clearly, M is a 1-factor in the subgraph induced by the
jth and j + 1th layers of Cr ◦Ks, and is orthogonal to the Hamilton cycle
decomposition H of Cr◦Ks, since P

i
i , 1 ≤ i ≤ s, is a section of the Hamilton

cycle Hi, 1 ≤ i ≤ s. □

For the rest of the paper, in the graph G×H, irrespective of the nature
of the graphs G and H, the vertex xi,j denotes the ordered pair (xi, yj) ∈
V (G) × V (H). If xi,j ∈ V (G ×H), then Xi,j denotes the set of vertices in

(G×H) ◦Kns obtained by replacing xi,j by ns independent vertices.

Lemma 2.8. For r,m ≥ 2 and ns ̸= 2, 6, the graph (C2r ◦Ks)× (K2m ◦Kn)
can be decomposed into (2m− 2)ns Hamilton paths, ns linear forests and a
matching, that is, the LAC is true for (C2r ◦Ks)× (K2m ◦Kn).

Proof. Let C2r = x0x1x2 . . . x2r−1x0. If n = s = 1, then the result follows
from Lemma 2.1 and hence we assume that n, s > 1. It is an easy observation
that (C2r ◦ Ks) × (K2m ◦ Kn) ∼= (C2r × K2m) ◦ Kns. First we decompose
C2r ×K2m into Hamilton cycles H1, H2, . . . ,H2(m−1) and a 2-factor G, see

[13]. Then we can write (C2r ×K2m) ◦Kns =
(⊕2(m−1)

i=1 (Hi ◦Kns)
)
⊕ (G ◦

Kns). Now we decompose each Hi ◦Kns, 1 ≤ i ≤ 2(m− 1) and G ◦Kns into
appropriate number of linear forests.

The 2(m− 1) Hamilton cycles, Hj , 1 ≤ j ≤ 2(m− 1) of C2r ×K2m are

H2i−1 =
⋃

teven

{{F2m−2i(Xt, Xt+1) ∪ F2m−2i+1(Xt, Xt+1)}

− xt,m+i−1xt+1,m−i} ∪
⋃

todd

{xt,m−ixt+1,m+i−1},

H2i =
⋃

todd

{{F2i−1(Xt, Xt+1) ∪ F2i(Xt, Xt+1)} − xt,m−ixt+1,m+i−1}

∪
⋃

teven

{xt,m+i−1xt+1,m−i},

for 0 ≤ t ≤ 2r − 1, 1 ≤ i ≤ m− 1, and the last 2-factor is

G =
r−1⋃

i=0

F1(X2i, X2i+1) ∪
r−1⋃

i=0

F2m−1(X2i+1, X2i+2),
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where the addition in the subscripts of X is taken modulo 2r.
Let

R = {x2r−1,m−1x0,m, x2r−1,m−2x0,m+1, x2r−1,m−3x0,m+2,

. . . , x2r−1,1x0,2m−2, x2r−1,2m−2x0,0, x2r−1,2m−3x0,1, x2r−1,2m−4x0,2,

. . . , x2r−1,mx0,m−2}.
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X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

Each of the small boxes represents a

set of ns vertices of G ◦Kns

1

A bold line represents a Kns,ns between the respective vertex subsets. In this

figure, the layer Xns
0 of G ◦Kns appears twice. Identifying the first and last Xns

0 ,

we get the graph isomorphic to G ◦Kns.

Figure 5. G ◦Kns.

R is orthogonal to the above set of 2(m − 1) Hamilton cycles Hi, 1 ≤ i ≤
2(m−1) since |Hi∩R|= 1 and H2i−1∩R = x2r−1,m−ix0,m+i−1, 1 ≤ i ≤ m−1
and H2i ∩ R = x2r−1,2m−i−1x0,i−1, 1 ≤ i ≤ m − 1, see the proof of Lemma
2.7 of [13].

Thus (C2r×K2m)◦Kns = (H1⊕H2⊕. . .⊕H2(m−1)⊕G)◦Kns = (H1◦Kns)⊕
(H2 ◦Kns)⊕ . . .⊕ (H2(m−1) ◦Kns)⊕ (G◦Kns), where {Hi|1 ≤ i ≤ 2(m−1)}
is the Hamilton cycle decomposition of C2r ×K2m obtained above, and G is
a 2-factor of C2r ×K2m described above.

In the graph H2i−1, 1 ≤ i ≤ m − 1, fix the edge x2r−1,m−ix0,m+i−1; then

H2i−1◦Kns admits a Hamilton cycle decomposition {Hj
2i−1|1 ≤ j ≤ ns} such

that a perfect matchingM2i−1 in ⟨X2r−1,m−i∪X0,m+i−1⟩ is orthogonal to the
cycles {Hj

2i−1|1 ≤ j ≤ ns}, by Lemma 2.7, where Xi,j = xi,j × V (Kns) and

xi,j ∈ V (C2r×K2m). ThusH2i−1◦Kns =
⊕ns

j=1H
j
2i−1 =

⊕ns
j=1 P

j
2i−1⊕M2i−1,
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where P j
2i−1 is the Hamilton path obtained from the Hamilton cycle Hj

2i−1
by deleting the edge of M2i−1 in it. Similarly, in the graph H2i, 1 ≤ i ≤
m − 1, fix the edge x2r−1,2m−i−1x0,i−1; then H2i ◦ Kns admits a Hamilton

cycle decomposition {Hj
2i|1 ≤ j ≤ ns} such that a perfect matching M2i

in ⟨X2r−1,2m−i−1 ∪ X0,i−1⟩ is orthogonal to the cycles {Hj
2i|1 ≤ j ≤ ns},

by Lemma 2.7. Thus H2i ◦ Kns =
⊕ns

j=1H
j
2i =

⊕ns
j=1 P

j
2i ⊕ M2i, where

P j
2i is the Hamilton path obtained from the Hamilton cycle Hj

2i by deleting

the edge of M2i in it. We denote
⋃2(m−1)

i=1 Mi, by M ; M is a matching in

⟨Xns
2r−1 ∪Xns

0 ⟩ ⊂ (C2r ×K2m) ◦Kns.
Consider the 2-factor G of C2r ×K2m, obtained at the beginning of this

lemma, which consists of 2m cycles Ci
2r, 1 ≤ i ≤ 2m, each of length 2r. Now

G◦Kns =
⊕2m

i=1(C
i
2r◦Kns), see Figure 5 for 2r = 6 and 2m = 8. Fix the edge

x2r−1,i+1x0,i of C
i
2r, 1 ≤ i ≤ 2m; then each Ci

2r ◦Kns has a Hamilton cycle
decomposition such that a matching M ′

i in ⟨X2r−1,i+1 ∪X0,i⟩ is orthogonal
to the Hamilton cycle decomposition of Ci

2r ◦Kns, by Lemma 2.7. Thus each
Ci
2r ◦Kns, 1 ≤ i ≤ 2m, has a decomposition into ns Hamilton paths and a

matching. Let M ′ =
⋃2m

i=1M
′
i . M

′ is a 1-factor of ⟨Xns
2r−1 ∪Xns

0 ⟩. Thus we

have a decomposition of (G ◦ Kns) − M ′ into paths, where each path has
2rns vertices. Thus we have a P2rns-decomposition of (G ◦Kns)−M ′.

M and M ′ are matchings in ⟨Xns
2r−1 ∪Xns

0 ⟩, see the broken lines of Fig-
ures 6(a) and 6(b), respectively, for 2r = 6 and 2m = 8. The linear forest
decomposition of ((G ◦ Kns) − M ′) ∪ M, consisting of ns linear forests, is
obtained as follows: As G consists of 2m copies of C2r, collecting one P2rns

appropriately from each component of (G ◦Kns) −M ′ together with some
edges of the matching M connecting the ends of P2rns constitute a linear
forest of

(
((G ◦Kns)−M ′) ∪M

)
⊂ (C2r ×K2m) ◦Kns. In otherwords, the

Hamilton path decomposition of the components of (G◦Kns)−M ′ (that is,
the P2rns-decomposition obtained above) when fused with the edges of M,
we get ns linear forests of ((G ◦Kns)−M ′)∪M. Thus we have decomposed
((G ◦Kns)−M ′) ∪M into ns linear forests.

Thus we have decomposed (C2r ×K2m) ◦Kns into 2(m− 1)ns Hamilton
paths, ns linear forests, distinct from the Hamilton paths, and a matching
M ′ and hence ℓa((C2r×K2m)◦Kns) = 2(m−1)ns+ns+1 = 2mns−ns+1.

This completes the proof of the lemma. □

To prove Lemma 2.10, we define a graph P ℓ
2r and show that LAC is true

for P ℓ
2r.

The graph P ℓ
2r is obtained from the path P2r = x0x1 . . . x2r−1, by re-

placing each vertex xi in P2r by the set of ℓ independent vertices Xi =
{xi,0, xi,1, xi,2, . . . , xi,ℓ−1}. The edge set of P ℓ

2r consists of the following edges:
for 0 ≤ i ≤ r−1, ⟨X2i∪X2i+1⟩ induces a Kℓ,ℓ and for 0 ≤ i ≤ r−2, ⟨X2i+1∪
X2i+2⟩ is a 1-factor F0(X2i+1, X2i+2), see Figure 7(a).

Lemma 2.9. For r, ℓ ≥ 1, LAC is true for the graph P ℓ
2r.
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Xns
0

Xns
1

Xns
2

Xns
3

Xns
4

Xns
5

Xns
0

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

X1, 0 X1, 1 X1, 2 X1, 3 X1, 4 X1, 5 X1, 6 X1, 7

X2, 0 X2, 1 X2, 2 X2, 3 X2, 4 X2, 5 X2, 6 X2, 7

X3, 0 X3, 1 X3, 2 X3, 3 X3, 4 X3, 5 X3, 6 X3, 7

X4, 0 X4, 1 X4, 2 X4, 3 X4, 4 X4, 5 X4, 6 X4, 7

X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

Each of the small boxes represents a
set of ns vertices of G ◦Kns

Xns
5

Xns
0

X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

(a) ((G ◦Kns)−M ′) ∪M.

(b) The 1-factor M ′ in the subgraph induced by ⟨Xns
5 ∪Xns

0 ⟩ in G ◦Kns.

Xns
5

Xns
0

X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

(c) The matching M in ⟨Xns
5 ∪Xns

0 ⟩.

1

(a): Each broken line represents a perfect matching between the respective vertex
subsets. Hence the union of all the broken lines represents the matching M in
⟨Xns

5 ∪Xns
0 ⟩. Each bold solid line represents a Kns,ns between the respective

vertex subsets. Each normal line between Xns
5 and Xns

0 represents a Kns,ns minus
a perfect matching. This graph minus the normal solid lines is isomorphic to the
graph obtained from Figure 3 by blowing up each of its vertex by ns independent
vertices and replacing each edge by a copy of Kns,ns or a perfect matching of
Kns,ns according as the edge is normal solid line or broken line.
(b): Each broken line represents a perfect matching between the respective vertex
subsets and the union of all the broken lines represents the perfect matching M ′

in ⟨Xns
5 ∪Xns

0 ⟩.
(c): Each broken line represents a perfect matching between the respective vertex

subsets and the union of all the broken lines represents the matching M in

⟨Xns
5 ∪Xns

0 ⟩.

Figure 6. ((G ◦Kns)−M ′)∪M when 2r = 6 and 2m = 8,
and it is contained in (C6 ×K8) ◦Kns.
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Proof. We prove this lemma in two cases.
Case 1: ℓ = 2k for some k.

In P ℓ
2r, for each i, 0 ≤ i ≤ r − 1, the subgraph ⟨X2i ∪ X2i+1⟩ of P ℓ

2r is
isomorphic to K2k,2k and a Hamilton cycle decomposition of ⟨X2i ∪X2i+1⟩
is given by

H i = {σ0(H2i,2i+1) = H2i,2i+1, σ(H2i,2i+1), σ
2(H2i,2i+1),

. . . , σk−2(H2i,2i+1), σ
k−1(H2i,2i+1)},

where

σ0(H2i,2i+1) = H2i,2i+1

= x2i,0 x2i+1,2k−1x2i,1 x2i+1,2k−2 x2i,2 x2i+1,2k−3

. . . x2i,k−1 x2i+1,k x2i,k x2i+1,k−1 x2i,k+1x2i+1,k−2

. . . x2i,2k−2 x2i+1,1 x2i,2k−1 x2i+1,0 x2i,0

and σ denotes the permutation (x2i,0, x2i,1, x2i,2, x2i,3, . . . , x2i,2k−2, x2i,2k−1)
(x2i+1,0, x2i+1,1, x2i+1,2, x2i+1,3, . . . , x2i+1,2k−2, x2i+1,2k−1).

First we construct a linear forest L in the graph P ℓ
2r as follows and we

will generate other linear forests in it using L.

L =
(
H0,1 − {x0,0x1,0}

)
∪
(
H2,3 − {x2,0x3,0}

)
∪
(
H4,5 − {x4,0x5,0}

)
∪

. . . ∪
(
H2r−2,2r−1 − {x2r−2,0x2r−1,0}

)

∪ {x1,0x2,0, x3,0x4,0, x5,0x6,0, . . . , x2r−3,0x2r−2,0}
is a Hamilton path of P ℓ

2r, see Figure 7(b).
Then L = τ0(L), τ1(L), τ2(L), . . . , τk−1(L) gives k Hamilton paths of

P ℓ
2r, where τ denotes the permutation

(x0,0,x0,1, . . . , x0,2k−1)(x1,0, x1,1, x1,2, . . . , x1,2k−1)

(x2,0, x2,1, x2,2, . . . , x2,2k−1)(x2r−1,0, x2r−1,1, x2r−1,2, . . . , x2r−1,2k−1).

The remaining edges of P ℓ
2r, that is, E(P ℓ

2r) − (
⋃k−1

i=0 τ i(L)), are the edges
of the matching

R =
r−2⋃

i=0

2k−1⋃

j=k

{x2i+1,jx2i+2,j} ∪
r−1⋃

i=0

k−1⋃

j=0

{x2i,jx2i+1,j}.

Hence LAC is true for P ℓ
2r, if ℓ is even.

Case 2: ℓ = 2k + 1, for some k.
In P ℓ

2r, for each i, 0 ≤ i ≤ r − 1, the subgraph ⟨X2i ∪ X2i+1⟩ of P ℓ
2r is

isomorphic to K2k+1, 2k+1 and a Hamilton cycle decomposition of ⟨X2i ∪
X2i+1⟩ is given by

H i = {σ0(H2i, 2i+1) = H2i, 2i+1, σ(H2i, 2i+1), σ2(H2i, 2i+1),

. . . , σk−2(H2i, 2i+1), σk−1(H2i, 2i+1)},
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x0, 0 x0, 1 x0, 2 . . . x0, ℓ−2 x0, ℓ−1

b b b b b

x1, 0 x1, 1 x1, 2 . . . x1, ℓ−2 x1, ℓ−1

b bb b b

x2, 0 x2, 1 x2, 2 . . . x2, ℓ−2 x2, ℓ−1

b bb b b

x3, 0 x3, 1 x3, 2 . . . x3, ℓ−2 x3, ℓ−1

b b

x4, 0 x4, 1 x4, 2 . . . x4, ℓ−2 x4, ℓ−1

b b

x2r−2, 0 x2r−2, 1 x2r−2, 2 . . . x2r−2, ℓ−2 x2r−2, ℓ−1

bb

b b

b b b

b b b

b b b

b b b

x2r−1, 0 x2r−1, 1 x2r−1, 2 . . . x2r−1, ℓ−2 x2r−1, ℓ−1

Kℓ, ℓ between these parts

(a). The graph P ℓ
2r

x0, 0 x0, 1 x0, 2 . . . x0, ℓ−2 x0, ℓ−1
b b b b b

x1, 0 x1, 1 x1, 2 . . . x1, ℓ−2 x1, ℓ−1

b bb b b

x2, 0 x2, 1 x2, 2 . . . x2, ℓ−2 x2, ℓ−1
b bb b b

x3, 0 x3, 1 x3, 2 . . . x3, ℓ−2 x3, ℓ−1

b b

x4, 0 x4, 1 x4, 2 . . . x4, ℓ−2 x4, ℓ−1

b b

x2r−2, 0 x2r−2, 1 x2r−2, 2 . . . x2r−2, ℓ−2 x2r−2, ℓ−1
bb

b b

b b b

b b b

b b b

b b b

x2r−1, 0 x2r−1, 1 x2r−1, 2 . . . x2r−1, ℓ−2 x2r−1, ℓ−1

(b). The linear forest L in P ℓ
2r

1

Parallel lines between X2i and X2i+1, 0 ≤ i ≤ r − 1, in 7(a) represent a Kℓ,ℓ and

normal lines between X2i+1 and X2i+2, 0 ≤ i ≤ r − 2, denote a perfect matching,

which is precisely ⟨X2i+1 ∪X2i+2⟩.

Figure 7. The graphs P ℓ
2r and a linear forest L in P ℓ

2r.

together with the 1-factor

F 2i, 2i+1 =
{
x2i,0x2i+1,2k−1, x2i,1x2i+1,2k−2, x2i,2x2i+1,2k−3, x2i,3x2i+1,2k−4,

. . . , x2i,k−1x2i+1,k, x2i,kx2i+1,k−1, x2i,k+1x2i+1,k−2,

. . . , x2i,2k−1x2i+1,0, x2i,2kx2i+1,2k

}
,

where

σ0(H2i,2i+1) = H2i,2i+1 = x2i,0 x2i+1,2k x2i,1 x2i+1,2k−1 x2i,2 x2i+1,2k−2

. . . x2i,k−1 x2i+1,k+1 x2i,k x2i+1,k x2i,k+1x2i+1,k−1

. . . x2i,2k−1 x2i+1,1 x2i,2k x2i+1,0 x2i,0

and σ denotes the permutation (x2i,0, x2i,1, x2i,2, x2i,3, . . . , x2i,2k−2, x2i,2k−1)
(x2i+1,0, x2i+1,1, x2i+1,2, x2i+1,3, . . . , x2i+1,2k−2, x2i+1,2k−1).
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Clearly, L =
(
H0,1−{x0,0x1,0}

)
∪
(
H2,3−{x2,0x3,0}

)
∪
(
H4,5−{x4,0x5,0}

)
∪

. . . ∪
(
H2r−2,2r−1 − {x2r−2,0x2r−1,0}

)
∪ {x1,0x2,0, x3,0x4,0, x5,0x6,0, . . . ,

x2r−3,0x2r−2,0} is a Hamilton path of the graph P ℓ
2r.

Now L =
{
L = ρ0(L), ρ1(L), ρ2(L), . . . , ρk−1(L)

}
is the set of k edge

disjoint linear forests of P ℓ
2r, where ρ denotes the permutation

(x0,0, x0,1,x0,2, . . . , x0,2k−1, x0,2k)(x1,0, x1,1, x1,2, . . . , x1,2k−1, x1,2k)

(x2,0, x2,1, x2,2, . . . , x2,2k−1, x2,2k)

. . . (x2r−1,0, x2r−1,1, x2r−1,2, . . . , x2r−1,2k−1, x2r−1,2k).

The edges not contained in the subgraphs of L are R =
⋃r−1

i=0 {F 2i,2i+1} ∪⋃r−1
i=0

⋃k−1
j=0{x2i,jx2i+1,j} ∪ ⋃r−2

i=0

⋃2k
j=k{x2i+1,jx2i+2,j}. Clearly, L ∪ R is a

linear forest decomposition of P ℓ
2r and hence LAC is true for P ℓ

2r.
This completes the proof of the lemma. □

Next we define the graphs Z2r,2m and Zns
2r,2m and show that LAC is true

for these graphs.
The graph Z2r,2m is obtained from the path P2r = x0x1 . . . x2r−1 as fol-

lows: replace each vertex xi of P2r by the set of 2m independent vertices
Xi = {xi,0, xi,1, xi,2, . . . , xi,2m−1}. The edge set of Z2r,2m consists of the
following edges: for 0 ≤ i ≤ r − 1, ⟨X2i ∪ X2i+1⟩ induces a K2m,2m −
F0(X2i, X2i+1) and for 0 ≤ i ≤ r − 2, ⟨X2i+1 ∪ X2i+2⟩ induces the 1-factor
F2m−1(X2i+1, X2i+2). The graph Zns

2r,2m is obtained from Z2r,2m by replacing
each of its vertex xa,b, 0 ≤ a ≤ 2r − 1, 0 ≤ b ≤ 2m − 1, by an independent
set Xa,b of ns vertices. If xa,bxc,d is an edge of ⟨X2i ∪ X2i+1⟩ ⊂ Z2r,2m,
then ⟨Xa,b ∪ Xc,d⟩ is isomorphic to Kns,ns and if xa,bxc,d is an edge in
⟨X2i+1 ∪ X2i+2⟩, then ⟨Xa,b ∪ Xc,d⟩ is isomorphic to a 1-factor of Kns,ns

with partite sets Xa,b and Xc,d, that is, we can consider Zns
2r,2m as a “blown

up” graph of Z2r,2m obtained by blowing up each edge e of Z2r,2m into
a copy of Kns,ns or a 1-factor of Kns,ns, according as the edge e belongs
to ⟨X2i ∪ X2i+1⟩, or ⟨X2i+1 ∪ X2i+2⟩, respectively. For the subgraph Z of
Z2r,2m, let B(Z) denote the subgraph of Zns

2r,2m obtained by blowing up each
vertex of Z by ns independent vertices and the edge e ∈ Z by a copy of
Kns,ns or a 1-factor of Kns,ns, according as the edge e ∈ ⟨X2i ∪ X2i+1⟩ or
e ∈ ⟨X2i+1 ∪X2i+2⟩, respectively.

It is known that LAC is true for Z2r,2m by [13]. But we need an alternate
proof for our future reference, which is contained in the proof of the following
lemma.

Lemma 2.10. For r, s ≥ 2 and ns ̸= 2, 6, LAC is true for the graph Zns
2r,2m.

Proof. Consider the graph Z2r,2m. In Z2r,2m, for 0 ≤ i ≤ r−1, the subgraph
⟨X2i ∪ X2i+1⟩ is isomorphic to K2m,2m − F0(X2i, X2i+1), where F0 is the
1-factor of jump zero and, for 0 ≤ i ≤ r − 2, the subgraph ⟨X2i+1 ∪X2i+2⟩
is isomorphic to F2m−1(X2i+1, X2i+2). Consider the subgraph ⟨X0 ∪X1⟩ ∼=
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K2m,2m − F0 of Z2r,2m, where X0 = {x0,0, x0,1, x0,2, . . . , x0,2m−1} and X1 =
{x1,0, x1,1, x1,2, . . . , x1,2m−1}. Let

M ′′ =





{x0,0x1,m−1, x0,1x1,m−2, x0,2x1,m−3, . . . , x0,m−3
2

x1,m+1
2

}
∪{x0,2m−1x1,m, x0,2m−2x1,m+1, x0,2m−3x1,m+2,

. . . , x0, 3m+1
2

x1, 3m−3
2

}, if 2m ≡ 2 (mod 4)

{x0,0x1,m−2, x0,1x1,m−3, x0,2x1,m−4, . . . , x0,m
2
−2x1,m

2
}

∪{x0,2m−2x1,m, x0,2m−3x1,m+1, x0,2m−4x1,m+2,

. . . , x0, 3m
2
x1, 3m−4

2
} ∪ {x0, 3m−2

2
x1,m

2
−1}, if 2m ≡ 0 (mod 4) .

It can be observed that M ′′ contains m− 1 edges of distinct even jumps,
namely, 2, 4, 6 . . . , 2m− 2 in ⟨X0 ∪X1⟩, see for example, Figure 8.

Now we explain the idea behind the proof of this lemma. First we shall
prove that Z2r,2m has m− 1 edge-disjoint Hamilton paths and a linear for-
est, disjoint from the Hamilton paths. That is, Z2r,2m has m linear forests
{L1, L2, . . . , Lm}. Then we blow up each Lj , 1 ≤ j ≤ m− 1, that is, we find
B(Lj) and, if necessary, we add some edges of B(Lm) to B(Lj) and then we
decompose the resulting graph into ns Hamilton paths of Zns

2r,2m. Finally,

we prove that the set of edges not in the above set of (m − 1)ns Hamilton
paths of Zns

2r,2m has a decomposition into ⌊ns+1
2 ⌋ linear forests.

b b b b b b

b b b b b b

b b

b b

b b b b b b

b b b b b b

b

b

b

b

b

b

b

b

x0, 0 x0, 1 x0, 2 x0, 3 x0, 4 x0, 5 x0, 6 x0, 7

x1, 0 x1, 1 x1, 2 x1, 3 x1, 4 x1, 5 x1, 6 x1, 7

x0, 0 x0, 1 x0, 2 x0, 3 x0, 4 x0, 5 x0, 6 x0, 7 x0, 8 x0, 9

x1, 0 x1, 1 x1, 2 x1, 3 x1, 4 x1, 5 x1, 6 x1, 7 x1, 8 x1, 9

(a) M ′′ when 2m = 12.

(b) M ′′ when 2m = 14.

b b b b

b b b b

b b b b

b b b b

x0, 8 x0, 9 x0, 10 x0, 11

x1, 8 x1, 9 x1, 10 x1, 11

x0, 10 x0, 11 x0, 12 x0, 13

x1, 10 x1, 11 x1, 12 x1, 13

X0

X1

X0

X1

1

Figure 8. The matching M ′′ when 2m ≡ 0 (mod 4) and
2m ≡ 2 (mod 4) for 2m = 12 and 2m = 14.

Now we shall give a detailed proof of the above sketch.

Claim. Z2r,2m admits a linear forest decomposition into m − 1 Hamilton
paths and a linear forest.

Proof of claim. In Z2r,2m, let M ′′ be the matching in ⟨X0 ∪ X1⟩ described

above. Clearly M ′′(= ρ0(M ′′)), ρm−1(M ′′), ρ2(m−1)(M ′′), . . . ,

ρ(r−1)(m−1)(M ′′) are matchings in ⟨X0 ∪X1⟩, where ρ denotes the permuta-
tion
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(x0,0, x0,1, . . . , x0,2m−1)(x1,0, x1,1, . . . , x1,2m−1) on the vertices X0∪X1. Then

by abuse of notation we denote byM ′′(= ρ00(M
′′)), ρm−1

1 (M ′′), ρ2(m−1)
2 (M ′′),

ρ
3(m−1)
3 (M ′′), . . . , ρ(r−1)(m−1)

r−1 (M ′′) the matchings in ⟨X0 ∪X1⟩, ⟨X2 ∪X3⟩,
⟨X4 ∪ X5⟩, . . . ⟨X2r−2 ∪ X2r−1⟩, respectively, that is, ρ

k(m−1)
k (M ′′) is a

matching of ⟨X2k ∪ X2k+1⟩ whose edges are the corresponding edges of

ρk(m−1)(M ′′) ⊂ ⟨X0 ∪ X1⟩; that is, if the edge x0,ix1,i+ℓ is in ⟨X0 ∪ X1⟩,
then x2k,ix2k+1,i+ℓ is called its corresponding edge in ⟨X2k ∪X2k+1⟩.

Now we delete the edges of the matchings M ′′, ρm−1
1 (M ′′), ρ2(m−1)

2 (M ′′),

ρ
3(m−1)
3 (M ′′), . . . , ρ(r−1)(m−1)

r−1 (M ′′) in ⟨X0 ∪X1⟩, ⟨X2 ∪X3⟩, ⟨X4 ∪X5⟩, . . . ,
⟨X2r−2 ∪ X2r−1⟩, respectively. As ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1, is isomor-

phic to K2m,2m − F0, it has a Hamilton cycle decomposition {Hj
2i,2i+1|1 ≤

j ≤ m − 1} ∪ F1(X2i, X2i+1), where F1(X2i, X2i+1) is a 1-factor of jump 1

in ⟨X2i ∪ X2i+1⟩, and Hj
2i,2i+1 = F2j(X2i, X2i+1) ∪ F2j+1(X2i, X2i+1), 1 ≤

j ≤ m − 1. Clearly, by the choice of M ′′, M ′′ is orthogonal to the Hamil-

ton cycles {Hj
0,1|1 ≤ j ≤ m − 1}, since M ′′ contains exactly one edge of

jump 2, 4, 6, . . . , 2m − 2. As M ′′ is orthogonal to the Hamilton cycles in

⟨X0 ∪X1⟩, the matching ρ
k(m−1)
k (M ′′) is orthogonal to the Hamilton cycles

{Hj
2k,2k+1|1 ≤ j ≤ m− 1} in ⟨X2k ∪X2k+1⟩, 0 ≤ k ≤ r − 1.

Let Dj , 1 ≤ j ≤ m − 1, denote the set of r edges, one edge from each

of the matchings ρ
i(m−1)
i (M ′′) ⊂ ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1, such that

its edges are of jumps 2j and 2m − 2j, alternately, from ρ
i(m−1)
i (M ′′) ⊂

⟨X2i ∪X2i+1⟩, 0 ≤ i ≤ r − 1, that is,

Dj =





(
Hj

0,1 ∩M ′′
)
∪
(
Hm−j

2,3 ∩ ρm−1
1 (M ′′)

)
∪
(
Hj

4,5 ∩ ρ
2(m−1)
2 (M ′′)

)

∪
(
Hm−j

6,7 ∩ ρ
3(m−1)
3 (M ′′)

)
∪ . . .

∪
(
Hm−j

2r−4,2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′)

)

∪
(
Hj

2r−2,2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′)

)
, if 2r ≡ 2 (mod 4) ,(

Hj
0,1 ∩M ′′

)
∪
(
Hm−j

2,3 ∩ ρm−1
1 (M ′′)

)
∪
(
Hj

4,5 ∩ ρ
2(m−1)
2 (M ′′)

)

∪
(
Hm−j

6,7 ∩ ρ
3(m−1)
3 (M ′′)

)
∪ . . .

∪
(
Hj

2r−4,2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′)

)

∪
(
Hm−j

2r−2,2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′)

)
, if 2r ≡ 0 (mod 4) ,

see Figure 9.
Next, we construct a linear forest Lj , 1 ≤ j ≤ m− 1, in Z2r,2m as follows:

before that we construct the subgraph L′
j of Z2r,2m.

Let L′
j denote the union of r Hamilton paths, one from each of the sub-

graphs ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1, such that it contains the jth and
(m − j)th Hamilton paths, alternately, from ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1,
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see Figure 9, that is

L′
j =





(
Hj

0,1 ∪Hm−j
2,3 ∪Hj

4,5 ∪Hm−j
6,7 ∪ . . . ∪Hm−j

2r−4,2r−3 ∪Hj
2r−2,2r−1

)

−Dj , if 2r ≡ 2 (mod 4)(
Hj

0,1 ∪Hm−j
2,3 ∪Hj

4,5 ∪Hm−j
6,7 ∪ . . .⊕Hj

2r−4,2r−3 ∪Hm−j
2r−2,2r−1

)

−Dj , if 2r ≡ 0 (mod 4) ,

in other words, we have punched one edge of the orthogonal matching

ρ
i(m−1)
i (M ′′) from the specified Hamilton cycle of ⟨X2i∪X2i+1⟩, 0 ≤ i ≤ r−1.

b

b

b

b b b

b b b

b b b

H1
0, 1 − (H0, 1 ∩M

′′
)

H2
0, 1 − (H2

0, 1 ∩M
′′
)

Hm−1
0, 1 − (Hm−1

0, 1 ∩M
′′
)

Hm−1
2, 3 − (Hm−1

2, 3 ∩ ρm−1
1 (M

′′
))Hm−2

2, 3 − (Hm−2
2, 3 ∩ ρm−1

1 (M
′′
))

H3
0, 1 − (H3

0, 1 ∩M
′′
)

X0

X1

X2

X3

X2r−2

X2r−1

b

b
b b

b

b
bb

b
b b b

bb b b

b b b
b

b b b
b

The unique edge of
M ′′ in H1

0, 1.

The unique edge of
M ′′ in Hm−1

0, 1 .

1

For clarity, the Hamilton cycles in the Hamilton cycle decomposition of
⟨X2i ∪X2i+1⟩, 0 ≤ i ≤ r − 1, are shown “like loops” together with a broken
line betweenX2i andX2i+1; (the ends of the broken edges are not necessarily
the “corresponding vertices”). Each Dj contains exactly one broken line of

⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1.
⋃m−1

j=1 Dj denotes all the broken lines. Also⋃m−1
j=1 L′

j denotes the disjoint union of all the paths obtained by deleting the

broken lines from the Hamilton cycles shown in ⟨X2i∪X2i+1⟩, 0 ≤ i ≤ r−1.

Figure 9.

Next we shall show that the edges in
⋃r−2

i=0 ⟨X2i+1 ∪ X2i+2⟩ can be par-
titioned into m sets Aj , 1 ≤ j ≤ m so that each L′

j ∪ Aj , 1 ≤ j ≤ m − 1,

is a Hamilton path of Z2r,2m and
⋃r−1

i=0 F1(X2i, X2i+1) ∪
⋃m−1

j=1 Dj ∪Am is a

linear forest (note that
⋃m−1

j=1 Dj is a matching of
⋃r−1

i=0 ⟨X2i ∪X2i+1⟩).
Consider Hj

0,1 and M ′′ in ⟨X0∪X1⟩ and let x0,ax1,a+2j be an edge of jump

2j in ⟨X0 ∪X1⟩; by the choice of M ′′, the edge of jump 2m − 2j of M ′′ is
x0,a+2j+mx1,a+m. Now

ρm−1
1 (x2,a+2j+mx3,a+m) = x2,a+2j+m+m−1x3,a+m+m−1

= x2,a+2j−1x3,a−1.
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b

b

b

b

b

b

b

b

b

b

b

b

10(a) : The linear forest Lj = L′
j ∪ Aj.

The Hamilton path Hj
0, 1 − (Hj

0, 1 ∩M ′′) in ⟨X0 ∪X1⟩

The Hamilton path Hm−j
2, 3 − (Hm−j

2, 3 ∩M ′′) in ⟨X2 ∪X3⟩

Hm−j
2r−4, 2r−3 − (Hm−j

2r−4, 2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′))

Hj
2r−2, 2r−1 − (Hj

2r−2, 2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′))

Hj
2r−4, 2r−3 − (Hj

2r−4, 2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′)) or

Hm−j
2r−2, 2r−1 − (Hm−j

2r−2, 2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′)) or

according as 2r ≡ 0 or 2 (mod 4), respectively.

according as 2r ≡ 0 or 2 (mod 4), respectively.

Edges of Aj

Each “loop like” solid line represents a Hamilton path in ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1. Each broken line repre-
sents an edge of Aj in ⟨X2i+1∪X2i+2⟩. The “loop like” solid lines and broken lines together give a Hamilton path Lj in Z2r, 2m.

b

b

b

b b b

b b b

b b b

H1
0, 1 − (H0, 1 ∩M

′′
)

H2
0, 1 − (H2

0, 1 ∩M
′′
)

Hm−1
0, 1 − (Hm−1

0, 1 ∩M
′′
)

Hm−1
2, 3 − (Hm−1

2, 3 ∩ ρm−1
1 (M

′′
))

Hm−2
2, 3 − (Hm−2

2, 3 ∩ ρm−1
1 (M

′′
))

H3
0, 1 − (H3

0, 1 ∩M
′′
)

X0

X1

X2

X3

X2r−2

X2r−1

b
b b b

b b b
b

b b b
b

b

b
b b b

b b b b

b
b b b

10(b)

1

Each “loop like” solid line represents a Hamilton path in ⟨X2i∪X2i+1⟩, 0 ≤ i ≤ r−1.

Each broken line represents an edge of Aj in ⟨X2i+1 ∪X2i+2⟩. The “loop like” solid

lines and broken lines together give a Hamilton path Lj in Z2r, 2m.

b

b

b

b

b

b

b

b

b

b

b

b

10(a) : The linear forest Lj = L′
j ∪ Aj.

The Hamilton path Hj
0, 1 − (Hj

0, 1 ∩M ′′) in ⟨X0 ∪X1⟩

The Hamilton path Hm−j
2, 3 − (Hm−j

2, 3 ∩M ′′) in ⟨X2 ∪X3⟩

Hm−j
2r−4, 2r−3 − (Hm−j

2r−4, 2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′))

Hj
2r−2, 2r−1 − (Hj

2r−2, 2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′))

Hj
2r−4, 2r−3 − (Hj

2r−4, 2r−3 ∩ ρ
(r−2)(m−1)
r−2 (M ′′)) or

Hm−j
2r−2, 2r−1 − (Hm−j

2r−2, 2r−1 ∩ ρ
(r−1)(m−1)
r−1 (M ′′)) or

according as 2r ≡ 0 or 2 (mod 4), respectively.

according as 2r ≡ 0 or 2 (mod 4), respectively.

Edges of Aj

Each “loop like” solid line represents a Hamilton path in ⟨X2i ∪ X2i+1⟩, 0 ≤ i ≤ r − 1. Each broken line repre-
sents an edge of Aj in ⟨X2i+1∪X2i+2⟩. The “loop like” solid lines and broken lines together give a Hamilton path Lj in Z2r, 2m.

b

b

b

b b b

b b b

b b b

H1
0, 1 − (H0, 1 ∩M

′′
)

H2
0, 1 − (H2

0, 1 ∩M
′′
)

Hm−1
0, 1 − (Hm−1

0, 1 ∩M
′′
)

Hm−1
2, 3 − (Hm−1

2, 3 ∩ ρm−1
1 (M

′′
))

Hm−2
2, 3 − (Hm−2

2, 3 ∩ ρm−1
1 (M

′′
))

H3
0, 1 − (H3

0, 1 ∩M
′′
)

X0

X1

X2

X3

X2r−2

X2r−1

b
b b b

b b b
b

b b b
b

b

b
b b b

b b b b

b
b b b

10(b)

1

Figure 10. Various Hamilton paths of Z2r,2m are shown,
wherein a Hamilton path of ⟨X2i ∪ X2i+1⟩ is shown “like a
loop” (between X2i and X2i+1) for clarity. The bold edges

between X2i+1 and X2i+2, 0 ≤ i ≤ r − 2, denote
⋃m−1

j=1 Aj .
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b b b b b b b b

b b b b b b b b

b b b b b b b b

b b b b b b b b

b b b b b b b b

b b b b b b b b

x0, 0 x0, 1 x0, 2 x0, 3 x0, 4 x0, 5 x0, 6 x0, 7

x1, 0 x1, 1 x1, 2 x1, 3 x1, 4 x1, 5 x1, 6 x1, 7

x2, 0 x2, 1 x2, 2 x2, 3 x2, 4 x2, 5 x2, 6 x2, 7

x3, 0 x3, 1 x3, 2 x3, 3 x3, 4 x3, 5 x3, 6 x3, 7

x4, 0 x4, 1 x4, 2 x4, 3 x4, 4 x4, 5 x4, 6 x4, 7

x5, 0 x5, 1 x5, 2 x5, 3 x5, 4 x5, 5 x5, 6 x5 7

X0

X1

X2

X3

X4

X5

1

Broken lines in ⟨X0 ∪X1⟩ denote M ′′. In ⟨X2i ∪X2i+1⟩, i = 1, 2, the broken lines

denote the edges of ρ
(m−1)
1 (M ′′) and ρ

2(m−1)
2 (M ′′), respectively. The solid (bold

and normal) lines are the edges that are not contained in the linear forests

Lj , 1 ≤ j ≤ 3 of Z6,8.

Figure 11. The linear forest L4 of Z6,8.

Hence Hj
0,1−(Hj

0,1∩M ′′) and Hm−j
2,3 −(Hm−j

2,3 ∩ρ(m−1)
1 (M ′′)), that is, deleting

the unique edge ofM ′′ inHj
0,1 and deleting the unique edge of ρ

(m−1)
1 (M ′′) in

Hm−j
2,3 we get Hamilton paths in ⟨X0 ∪X1⟩ and ⟨X2 ∪X3⟩, respectively, and

the edge x1,a+2jx2,a+2j−1 of ⟨X1∪X2⟩ joins the end vertex of Hj
0,1− (Hj

0,1∩
M ′′) and the origin of Hm−j

2,3 − (Hm−j
2,3 ∩ ρm−1

1 (M ′′)). In general, Hj
2k,2k+1 −

(Hj
2k,2k+1 ∩ ρ

k(m−1)
k (M ′′)) and Hm−j

2k+2,2k+3 − (Hm−j
2k+2,2k+3 ∩ ρ

(k+1)(m−1)
k+1 (M ′′))

are Hamilton paths in ⟨X2k∪X2k+1⟩ and ⟨X2k+2∪X2k+3⟩, respectively, and
there is an edge of ⟨X2k+1∪X2k+2⟩ joining the end of Hj

2k,2k+1− (Hj
2k,2k+1∩

ρ
k(m−1)
k (M ′′)) and the origin of Hm−j

2k+2,2k+3 − (Hm−j
2k+2,2k+3 ∩ ρ

(k+1)(m−1)
k+1 (M ′′)), see

Figures 10(a) and 10(b). The above is true for all k, 0 ≤ k ≤ r − 2. Let
the union of the edges in ⟨X2i+1 ∪ X2i+2⟩ connecting the paths in L′

j be

denoted by Aj , see Figure 10(a). Hence L′
j ∪ Aj is a Hamilton path of

Z2r,2m, see Figure 10(a). Let Z =
⋃r−2

i=0

(
⟨X2i+1 ∪X2i+2⟩

)
−⋃m−1

j=1 Aj , that

is the edges of
⋃r−2

i=0 ⟨X2i+1 ∪X2i+2⟩ which are not on the Hamilton paths of
Z2r,2m obtained above.

Thus we have (m− 1) linear forests Lj = L′
j ∪ Aj , 1 ≤ j ≤ m− 1, where

each Lj is a Hamilton path of Z2r,2m, see Figure 10(b).

By the way M ′′ is constructed in ⟨X0 ∪X1⟩, the edges not on
⋃m−1

i=1 Li in
Z2r,2m induce a linear forest, say Lm, which consists of vertex disjoint union
of paths, see Figure 11, for 2r = 6, 2m = 8. Thus we have decomposed
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Z2r,2m into m − 1 Hamilton paths and a linear forest. This completes the
proof of the claim. □

Now using the linear forest decomposition of Z2r,2m, we shall decompose
Zns
2r,2m into linear forests by blowing up each of the graphs Lj ∪ Dj , 1 ≤

j ≤ m − 1, of Z2r,2m, see Figure 12, into ns linear forests and a matching.
Further, we shall show that the edges not contained in the (m− 1)ns linear
forests of Zns

2r,2m induce ⌈ns+1
2 ⌉ linear forests.

First we consider the subgraph L′
j ∪Dj of Z2r,2m, that is,

L′
j ∪Dj =





Hj
0,1 ∪Hm−j

2,3 ∪Hj
4,5 ∪Hm−j

6,7 ∪ . . . ∪Hm−j
2r−4,2r−3

∪Hj
2r−2,2r−1, if 2r ≡ 2 (mod 4)

Hj
0,1 ∪Hm−j

2,3 ∪Hj
4,5 ∪Hm−j

6,7 ∪ . . . ∪Hj
2r−4,2r−3

∪Hm−j
2r−2,2r−1, if 2r ≡ 0 (mod 4) ,

The graphHj
2k,2k+1◦Kns, 0 ≤ k ≤ r−1, 1 ≤ j ≤ m−1, subgraph of Zns

2r,2m,

has a Hamilton cycle decomposition such that a matchingM j
2k,2k+1 in ⟨Xns

2k∪
Xns

2k+1⟩ is orthogonal to the Hamilton cycle decomposition of Hj
2k,2k+1 ◦

Kns; we can suppose that M j
2k,2k+1 is contained in the complete bipartite

subgraph of Hj
2k,2k+1 ◦Kns induced by the layers corresponding to the ends

of the unique edge of Hj
2k,2k+1 ∩ ρ

k(m−1)
k (M ′′), by Lemma 2.7.

Thus, as L′
j ∪ Dj is the disjoint union of cycles, each component (L′

j ∪
Dj) ◦ Kns has a Hamilton path decomposition together with a matching.
Let L′

j,ns denote the union of these paths, that is,

L′
j,ns =





((L′
j ∪Dj) ◦Kns)− (M j

0,1 ∪Mm−j
2,3 ∪M j

4,5 ∪Mm−j
6,7

∪ . . . ∪Mm−j
2r−4,2r−3 ∪M j

2r−2,2r−1), if 2r ≡ 2 (mod 4)

((L′
j ∪Dj) ◦Kns)−

(
M j

0,1 ∪Mm−j
2,3 ∪M j

4,5 ∪Mm−j
6,7

∪ . . . ∪M j
2r−4,2r−3 ∪Mm−j

2r−2,2r−1

)
, if 2r ≡ 0 (mod 4) .

As each component of L′
j,ns has a decomposition into Hamilton paths

when they get fused with the edges of B(Aj), where B(Aj) is defined just
above this lemma, we get ns edge disjoint Hamilton paths of Zns

2r,2m, that is,

the subgraph L′
j,ns∪B(Aj) is exactly the union of ns edge disjoint Hamilton

paths in Zns
2r,2m, see Figure 12. As j varies from 1 to m − 1, we have (m −

1)ns edge disjoint Hamilton paths in Zns
2r,2m. Let L denote these (m− 1)ns

Hamilton paths of Zns
2r,2m.

The set of edges of Zns
2r,2m not contained in the (m−1)ns Hamilton paths

of Zns
2r,2m, obtained above, are




r−1⋃

j=0

(F1(X2j , X2j+1) ◦Kns)


 ∪




m−1⋃

j=1

r−1⋃

i=0

M j
2i,2i+1


 ∪B(Z),
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b

b

b

b

b

b

Hj
2r−2, 2r−1 or Hm−j

2r−2, 2r−1

b

b

b

b

b

b
b

b
b

12(a) The graph Lj ∪Dj

Hj
0, 1

Hm−j
2, 3

b

b

b

b

b

b

b

b

b

b

b
b

b
b

b b

b b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

12(b) The graph L′
j, ns ∪B(Aj)

Hj
4, 5

Hm−j
6, 7

b

b

b

b

b

b

b

b

b

b

b
b

b
b

b b

b b

b

b

b

b

b

b

(Hj
0, 1 ◦Kns)−M j

0, 1

(Hm−j
2, 3 ◦Kns)−Mm−j

2, 3

(Hm−j
6, 7 ◦Kns)−Mm−j

6, 7

(Hj
4, 5 ◦Kns)−M j

4, 5

(Hj
2r−2, 2r−1 ◦Kns)−M j

2r−2, 2r−1

Edges of Dj

a copy of Kns, ns −M j
0, 1

a copy of Kns, ns −Mm−j
2, 3

a copy of Kns, ns −M j
4, 5

a copy of Kns, ns −Mm−j
6, 7

a copy of Kns, ns −M j
2r−2, 2r−1

Including the broken line
represents Hj

0, 1

(Hm−j
2r−2, 2r−1 ◦Kns)−Mm−j

2r−2, 2r−1

or
a copy of Kns, ns −Mm−j

2r−2, 2r−1

oraccording as 2r ≡ 2 or 0 (mod 4)

Edges of Aj

Edges of B(Aj),
a perfect matching

Edges of B(Aj),
a perfect matching

Edges of B(Aj),
a perfect matching

Edges of B(Aj),
a perfect matching

1

12(a). The graph Lj ∪ Dj . In this figure, each normal line represents a Hamilton
path in ⟨X2k ∪X2k+1⟩, 0 ≤ k ≤ r − 1, the bold lines represent the edges of Aj and
the broken lines represent the edges of Dj .

12(b). The graph L′
j,ns ∪B(Aj), where each small round represents an independent

set of ns vertices. Each one of the parallel lines represents a complete bipartite

subgraph Kns,ns between the respective vertex subsets. Also each of the bold lines

denotes a copy ofKns,ns minus a perfect matchingM j
2i,2i+1 orM

m−j
2i,2i+1, according as

i is even or odd, respectively, in it; this matching M j
2i,2i+1 or Mm−j

2i,2i+1 is orthogonal

to the Hamilton cycles of the Hamilton cycle decomposition of Hj
2i,2i+1 ◦ Kns or

Hm−j
2i,2i+1 ◦Kns, respectively. The bold lines together with the parallel lines induce

ns Hamilton paths in respective subgraphs ⟨Xns
2k ∪Xns

2k+1⟩, 0 ≤ k ≤ r− 1, of Zns
2r,2m

and their union is L′
j,ns. Each of the normal lines represents the edges of B(Aj), a

perfect matching between the respective parts.

Figure 12. The graph Lj∪Dj of Z2r,2m and the correspond-
ing Hamilton paths in Zns

2r,2m.
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Xns
0

Xns
1

Xns
2

Xns
3

Xns
4

Xns
5

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

X1, 0 X1, 1 X1, 2 X1, 3 X1, 4 X1, 5 X1, 6 X1, 7

X2, 0 X2, 1 X2, 2 X2, 3 X2, 4 X2, 5 X2, 6 X2, 7

X3, 0 X3, 1 X3, 2 X3, 3 X3, 4 X3, 5 X3, 6 X3, 7

X4, 0 X4, 1 X4, 2 X4, 3 X4, 4 X4, 5 X4, 6 X4, 7

X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

denote a Kns, ns between the respective vertex subsets

denote a 1-factor of Kns, ns between the respective vertex subsets

denote a 1-factor of Kns, ns between the respective vertex subsets

Edges of type

Edges of type

Edges of type

Figure 13: The graph
(∪r−1

j=0(F1(X2j , X2j+1) ◦Kns)
)
∪
(∪m−1

j=1

∪r−1
i=0 M

j
2i, 2i+1

)
∪B(Z) when 2r = 6 and

2m = 8.

1

Figure 13. The graph
(⋃r−1

j=0(F1(X2j , X2j+1) ◦Kns)
)

∪
(⋃m−1

j=1

⋃r−1
i=0 M

j
2i,2i+1

)
∪B(Z) when 2r = 6 and 2m = 8.

where Z =
⋃r−2

i=0

(
⟨X2i+1 ∪X2i+2⟩

)
−⋃m−1

j=1 Aj of Z2r,2m; thus the leftover

edges look like the graph in Figure 13 (Figure 13 is obtained from the graph
of Figure 11 by blowing up each one of the bold solid lines into a Kns,ns

and blowing up each one of the normal solid lines and each broken lines in
it by a perfect matching between the respective vertex subsets). Note that⋃m−1

j=1 M j
2k,2k+1 is the union of m − 1 matchings which corresponds to the

edges of ρ
k(m−1)
k (M ′′) in ⟨X2k ∪X2k+1⟩.

Consider the graph



r−1⋃

j=0

(F1(X2j , X2j+1) ◦Kns)


 ∪




m−1⋃

j=1

r−1⋃

i=0

M j
2i,2i+1


 ∪B(Z).

Recall that if xa,b ∈ Z2r,2m, then Xa,b denotes the set of vertices obtained
by replacing xa,b by ns independent vertices. Clearly, ⟨Xa,b ∪Xc,d⟩ is (i) a
complete bipartite graph Kns,ns, if xa,bxc,d is an edge of F1(X2j , X2j+1) ⊂
Z2r,2m, 0 ≤ j ≤ r − 1, or (ii) a 1-factor between Xa,b and Xc,d in Zns

2r,2m, if

xa,bxc,d ∈ E(Z2r,2m) is the corresponding edge of at least one matching in⋃m−1
j=1

⋃r−1
i=0 M

j
2i,2i+1, or (iii) graph without edges, if xa,bxc,d is not an edge
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in 


r−1⋃

j=0

(F1(X2j , X2j+1) ◦Kns)


 ∪




m−1⋃

j=1

r−1⋃

i=0

M j
2i,2i+1


 ∪B(Z).

Hence if ⟨Xa,b ∪ Xc,d⟩ is a 1-factor then, relabel Xa,b or Xc,d so that the

1-factor is of jump 0 between them. Now
⋃r−1

j=0(F1(X2j , X2j+1) ◦ Kns) ⊕⋃m−1
j=1

⋃r−1
i=0 M

j
2i,2i+1 ⊕ B(Z) is the union of vertex disjoint copies of Pns

2q ,
where Pns

2q is as defined just before Lemma 2.9, for different values of q. But

each copy of the form Pns
2q has a decomposition into ⌈ns+1

2 ⌉ linear forests,
by Lemma 2.9.

Thus totally we have (m − 1)ns + ⌈ns+1
2 ⌉ =

⌈
∆(Zns

2r,2m)+1

2

⌉
linear forests

in Zns
2r,2m and hence LAC is true for Zns

2r,2m.
This completes the proof of the lemma. □

Lemma 2.11. For r,m ≥ 2, and ns ̸= 2, 6, LAC is true for the graph
(K2r ◦Ks)× (K2m ◦Kn).

Proof. If n = s = 1, then the proof follows from Lemma 2.2 and hence
we assume that n, s > 1. Observe that the graph (K2r ◦ Ks) × (K2m ◦
Kn) ∼= (K2r ×K2m) ◦Kns. The graph K2r has a decomposition into r − 1
Hamilton cycles C = {C1

2r, C
2
2r, . . . , C

r−1
2r } and a perfect matching F 2r =

{x0x1, x2x3, x4x5, . . . , x2r−2x2r−1}, where V (K2r) = {x0, x1, . . . , x2r−2,
x2r−1}. Further, there exists a matching M2r of K2r such that M2r is or-
thogonal to the Hamilton cycles in C and M2r ∪ F 2r is a Hamilton path of
K2r, by Lemma 2.2 of [13].

Thus

(K2r ×K2m) ◦Kns = ((C1
2r ⊕ C2

2r ⊕ . . .⊕ Cr−1
2r ⊕ F 2r)×K2m) ◦Kns

=
(
⊕r−1

i=1 (Ci
2r ×K2m) ◦Kns

)
⊕
(
(F 2r ×K2m) ◦Kns

)

= G1 ⊕G2

(2.1)

where G1 = (⊕r−1
i=1 (Ci

2r ×K2m) ◦Kns

)
and G2 =

(
(F 2r ×K2m) ◦Kns).

First, we explain the idea behind the proof of this lemma. Clearly, both
G1 and G2 are spanning subgraphs of (K2r×K2m)◦Kns. By Lemma 2.8, we
can decompose (Ci

2r ×K2m) ◦Kns into (2m− 1)ns+1 linear forests; out of
these (2m−1)ns+1 linear forests, see the proof of lemma 2.8, 2(m−1)ns are
Hamilton paths, ns are linear forests and one is a matching Mi. Using these
linear forests we shall obtain (r−1)(2m−1)ns linear forests and a matching⋃r−1

i=1 Mi, in G1 that is, ℓa(G1) = (r − 1)(2m− 1)ns+ 1. Then we consider

G2∪
⋃r−1

i=1 Mi and we prove that ℓa(G2∪
⋃r−1

i=1 Mi) = (m−1)ns+⌈ns+1
2 ⌉. Thus

we have ℓa((K2r×K2m)◦Kns) = (r−1)(2m−1)ns+(m−1)ns+ ⌈ns+1
2 ⌉ =⌈

∆((K2r×K2m)◦Kns)+1
2

⌉
.

Next we shall proceed to complete the proof of this lemma.
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Xns
0

Xns
1

Xns
2

Xns
3

Xns
4

Xns
5

X0, 0 X0, 1 X0, 2 X0, 3 X0, 4 X0, 5 X0, 6 X0, 7

X1, 0 X1, 1 X1, 2 X1, 3 X1, 4 X1, 5 X1, 6 X1, 7

X2, 0 X2, 1 X2, 2 X2, 3 X2, 4 X2, 5 X2, 6 X2, 7

X3, 0 X3, 1 X3, 2 X3, 3 X3, 4 X3, 5 X3, 6 X3, 7

X4, 0 X4, 1 X4, 2 X4, 3 X4, 4 X4, 5 X4, 6 X4, 7

X5, 0 X5, 1 X5, 2 X5, 3 X5, 4 X5, 5 X5, 6 X5, 7

induces (K2 ×Km) ◦Kns

1

Each parallel line represents the subgraph isomorphic to (K2 ×K2m) ◦Kns. Also

each normal line represents a 1-factor between the respective vertex subsets.

Figure 14. The graph ((F 2r × K2m) ◦ Kns) ∪
⋃r−1

i=1 Mi
∼=

Zns
2r,2m when 2r = 6 and 2m = 8.

If necessary, relabel the vertices of Ci
2r, 1 ≤ i ≤ r − 1, in C , so that

the edge E(M2r ∩ Ci
2r) = x2r−1x0. Now each of the graphs (Ci

2r × K2m) ◦
Kns, 1 ≤ i ≤ r− 1, can be decomposed into 2(m− 1)ns Hamilton paths, ns
linear forests and a matching Mi by the proof of Lemma 2.8. Consequently,⋃r−1

i=1 (C
i
2r×K2m)◦Kns ⊂ (K2r×K2m)◦Kns has (r−1)(2(m−1))ns Hamilton

paths, (r−1)ns linear forests and another linear forest, a matching
⋃r−1

i=1 Mi,

of (K2r ×K2m) ◦Kns;
⋃r−1

i=1 Mi is a matching because M2r is a matching in
K2r.

From the proof of Lemma 2.8, it is clear that the matching Mi of (C
i
2r ×

K2m) ◦Kns is contained in (ei ×K2m) ◦Kns, where ei is the only edge in
Ci
2r ∩ M2r. As M2r ∪ F 2r is a Hamilton path of K2r, the graph ((F 2r ×

K2m) ◦Kns)∪ (
⋃r−1

i=1 Mi) is connected and it has the structure as shown in
Figure 14.

It is an easy observation that ((F 2r ×K2m) ◦Kns) ∪
⋃r−1

i=1 Mi
∼= Zns

2r,2m.

But Zns
2r,2m has a decomposition into (m − 1)ns + ⌈ns+1

2 ⌉ linear forests, by
Lemma 2.10.

Thus totally we have (r − 1)(2m − 1)ns + (m − 1)ns + ⌈ns+1
2 ⌉

=
⌈
∆((K2r×K2m)◦Kns)+1

2

⌉
, and hence LAC is true for the graph (K2r×K2m)◦

Kns.
This completes the proof of the lemma. □
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Lemma 2.12. For r ≥ 3,m ≥ 1 and ns ̸= 2, 6, the graph (Cr ◦ Ks) ×
(K2m+1◦Kn) can be decomposed into 2mns Hamilton paths and a matching,
that is, the LAC is true for (Cr ◦Ks)× (K2m+1 ◦Kn).

Proof. If n = s = 1, then the proof follows from Lemma 2.3 and hence we
assume that n, s > 1. Let Cr = x0x1 . . . xr−1x0. Clearly, (Cr◦Ks)×(K2m+1◦
Kn) ∼= (Cr×K2m+1)◦Kns. The Hamilton cycle decomposition of Cr×K2m+1,
described in Lemmas 2.5 and 2.13 of [12], is orthogonal to the matching R′′

(see the description of R′′ at the beginning of this section and Figure 2(b))
constructed in [13]. Clearly, E(Cr × K2m+1) = ∪r−1

i=0 {∪2m
j=1Fj(Xi, Xi+1)},

where the subscript of X is taken modulo r. Let H = {H1, H2, . . . ,H2m}
be the Hamilton cycle decomposition of Cr×K2m+1 such that the matching
R′′ is orthogonal to the Hamilton cycle decomposition H of Cr × K2m+1,
where

R′′ ={xr−1,0x0,1, xr−1,1x0,2, xr−1,2x0,3, . . . , xr−1,2m−3x0,2m−2,

xr−1,2m−2x0,2m−1, xr−1,2m−1x0,0}
= ⊕2m−2

i=0 {xr−1,ix0,i+1} ⊕ {xr−1,2m−1x0,0},

see Lemma 2.11 of [13].

Note that R′′ ⊂ ⟨Xr−1 ∪X0⟩ ⊂ Cr × K2m+1. Hence (
⋃2m

i=1Hi) − R′′ =
(
⋃2m

i=1H
′
i), where H ′

i is the Hamilton path arises out of the deletion of an
edge of R′′ in Hi.

Now (Cr×K2m+1)◦Kns = (H1⊕H2⊕. . .⊕H2m)◦Kns =
⊕2m

i=1(Hi◦Kns).
For 1 ≤ i ≤ 2m, fix the unique edge of Hi ∩R′′. If Hi ∩R′′ = xa,cxb,d, then

Hi◦Kns has a decomposition into ns Hamilton cycles and there is a matching
in ⟨Xa,c ∪Xb,d⟩ which is orthogonal to these ns Hamilton cycles, by Lemma

2.7. We denote this matching by Mi, 1 ≤ i ≤ 2m, and let M =
⋃2m

i=1Mi,
which is a matching as R′′ is a matching in Cr × K2m+1. Thus we have
decomposed ((Cr ◦Ks) × (K2m+1 ◦Kn)) into 2mns Hamilton paths and a
matching M.

This completes the proof of the lemma. □

Lemma 2.13. For r ≥ 2,m ≥ 1 and ns ̸= 2, 6, LAC is true for the graph
(K2r ◦Ks)× (K2m+1 ◦Kn).

Proof. If n = s = 1, then the proof follows from Lemma 2.4 and hence
we assume that n, s > 1. Observe that the graph (K2r ◦ Ks) × (K2m+1 ◦
Kn) ∼= (K2r × K2m+1) ◦ Kns. The graph K2r has a decomposition into
r − 1 Hamilton cycles C = {C1

2r, C
2
2r, . . . , C

r−1
2r } and a perfect matching

F 2r = {x0x1, x2x3, x4x5, . . . , x2r−2x2r−1}. Further, there exists a matching
M2r of K2r such that M2r is orthogonal to the Hamilton cycles in C and
M2r ∪ F 2r is a Hamilton path of K2r, by Lemma 2.2 of [13]. Thus
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(K2r ×K2m+1) ◦Kns = ((C1
2r ⊕ C2

2r ⊕ . . .⊕ Cr−1
2r ⊕ F 2r)×K2m+1) ◦Kns

=
((

⊕r−1
i=1 (Ci

2r ×K2m+1)
)
◦Kns

)

⊕
(
(F 2r ×K2m+1) ◦Kns

)

= G1 ⊕G2

(2.2)

If necessary, relabel the vertices of Ci
2r, 1 ≤ i ≤ r − 1, in C , so that the

unique edge of E(M2r∩Ci
2r) = x2r−1x0. Now each (Ci

2r×K2m+1)◦Kns, 1 ≤
i ≤ r−1, can be decomposed into 2mns Hamilton paths and a matching Mi

as in the proof of Lemma 2.12. Consequently,
⋃r−1

i=1 (C
i
2r ×K2m+1) ◦Kns ⊂

(K2r × K2m+1) ◦ Kns, has (r − 1)2mns Hamilton paths and a matching⋃r−1
i=1 Mi, of G1;

⋃r−1
i=1 Mi is a matching of G1 as M2r is a matching of K2r.

The set of edges of (K2r×K2m+1)◦Kns, which are not on these (r−1)2mns

Hamilton paths are the edges of ((F 2r × K2m+1) ◦ Kns) ∪
⋃r−1

i=1 Mi. But
F 2r × K2m+1 =

⊕r
j=1(K2 × K2m+1). Let X = {x0,k|0 ≤ k ≤ 2m} and

Y = {x1,k|0 ≤ k ≤ 2m} be the bipartition of K2 × K2m+1. Now H =
{H1, H2, . . . ,Hm} is a Hamilton cycle decomposition of K2 ×K2m+1, where
Hi = F2i−1(X,Y ) ∪ F2i(X,Y ), 1 ≤ i ≤ m. As M ′ = {x0,2i−1x1,2(2i−1)|1 ≤
i ≤ m} contains the edges of distinct odd jumps, M ′ is orthogonal to the
Hamilton cycles in H . The graph ((F 2r×K2m+1)◦Kns) ∼=

⊕r
j=1

(
(K2 × K2m+1) ◦ Kns

)
.

But (K2 ×K2m+1) ◦Kns = (
⊕m

i=1Hi) ◦Kns =
⊕m

i=1

(
Hi ◦Kns

)
. For each

i, 1 ≤ i ≤ m, fix the unique edge x0,2i−1x1,2(2i−1) ofM
′ inHi, that is,Hi∩M ′.

Now Hi ◦ Kns has decomposition into Hamilton paths and a matching in
⟨X0,2i−1 ∪ X1,2(2i−1)⟩ of Hi ◦ Kns, by Lemma 2.7. Hence we have mns

linear forests of (K2 × K2m+1) ◦ Kns ⊂ (K2r × K2m+1) ◦ Kns. It is not
difficult to check that the edges which are not in these mns linear forests
of (K2 ×K2m+1) ◦Kns together with

⋃r−1
i=1 Mi is a last linear forest, since

M2r ∪ F 2r is a Hamilton path of K2r. Thus we have a decomposition of
(K2r ◦Ks)× (K2m+1 ◦Kn) into 2rmns−mns+ 1 linear forests.

This completes the proof of the lemma. □

Lemma 2.14. For r,m ≥ 1 and ns ̸= 2, 6, LAC is true for the graph
(K2r+1 ◦Ks)× (K2m+1 ◦Kn).

Proof. If n = s = 1, then the proof follows from Lemma 2.5 and hence we
assume that n, s > 1. Clearly, (K2r+1 ◦ Ks) × (K2m+1 ◦ Kn) ∼= (K2r+1 ×
K2m+1) ◦Kns. In [13], it is shown that K2r+1 has a Hamilton cycle decom-
position C = {C1

2r+1, C
2
2r+1, . . . , C

r
2r+1} and a path P of length r such that

P is orthogonal to the Hamilton cycles in C . Now
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(K2r+1 ×K2m+1) ◦Kns = ((C1
2r+1 ⊕ C2

2r+1 ⊕ . . .⊕ Cr
2r+1)×K2m+1) ◦Kns

=
((

⊕r
i=1 (C

i
2r+1 ×K2m+1)

)
◦Kns

)

(2.3)

If necessary, relabel the vertices of Ci
2r+1, 1 ≤ i ≤ r, in C so that the edge

E(P∩Ci
2r+1) = x2rx0.Now each of the graphs (Ci

2r+1×K2m+1)◦Kns, 1 ≤ i ≤
r, can be decomposed into 2mns Hamilton paths and a matchingMi as in the
proof of Lemma 2.12. Consequently,

⋃r
i=1(C

i
2r+1×K2m+1)◦Kns has 2rmns

Hamilton paths and r matchings, Mi, 1 ≤ i ≤ r, of (K2r+1 ×K2m+1) ◦Kns.
Clearly,

⋃r
i=1Mi is a linear forest as P is a path of K2r+1. Thus totally

we have 2rmns + 1 =
⌈
(∆(K2r+1×K2m+1)◦Kns)+1

2

⌉
linear forests in (K2r+1 ×

K2m+1) ◦Kns. Hence LAC is true for the graph (K2r+1 ×K2m+1) ◦Kns.
This completes the proof of the lemma. □

Proof. Proof of Theorem 1.1. The proof follows directly from Lemmas 2.11,
2.13 and 2.14. □

As an immediate consequence, we have the following

Corollary 2.15. Let r,m ≥ 3 and ns ̸= 2, 6. If H is a subgraph of (Kr ◦
Ks)× (Km ◦Kn) such that ∆(H) = ∆((Kr ◦Ks)× (Km ◦Kn)), then LAC
is true for H.

Corollary 2.16. Let 1 ≤ r ≤ s, 1 ≤ m ≤ n and ns ̸= 2, 6. If Kr,s,s,...,s (resp.
Km,n,n,...,n) is a complete multipartite graph with ℓ ≥ 2 (resp. ℓ′ ≥ 2) parts
of size s (resp. n) and one part of size r (resp. m), then LAC is true for
the graph Kr,s,s,...,s ×Km,n,n,...,n.
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