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LINEAR ARBORICITY OF THE TENSOR PRODUCTS OF
COMPLETE MULTIPARTITE GRAPHS

P. PAULRAJA AND S. SAMPATH KUMAR

ABSTRACT. The linear arboricity of a graph G, denoted by fla(G), is
the minimum number of linear forests which partition the edge set of G.
Akiyama et al. conjectured that fa(G) = (%] for any k-regular graph
G. This conjecture is proved to be true for k = 3,4,5,6,8,10. Also, in [P.
Paulraja and S. Sivasankar, Linear Arboricity of the Tensor Products of
Graphs, Utilitas Math. 99 (2016) 295-317], the conjecture is proved for
the tensor product of complete graphs. Although the conjecture was not
proved in general, we have proved that the tensor product of two regular
complete multipartite graphs confirms the conjecture in the affirmative.

1. INTRODUCTION

All graphs considered here are simple and finite. Let C (resp. Py) denote
the cycle (resp. path) on k vertices. Let K, denote the complete graph.
For S C V(G), (S) denotes the subgraph of G induced by S. Similarly, for
F C E(G), (F) denotes the edge induced subgraph of G induced by F. For a
graph G, if its edge set E(G) can be partitioned into Eq,Fs, ... ,Ej such that
(E;) =2 H, for all i,1 < i < k, then we say that H decomposes G. A factor
of a graph G is a spanning subgraph of G. A k-factor of G is a spanning
subgraph of GG in which each vertex is of degree k. A k-factorization F =
{F1, Fy,...,Fy} of the graph G is a partition of E(G) into Fy, Fs, ..., Fy,
where (F;),1 <i </, is a k-factor of G. A subgraph H of G is orthogonal to
a k-factorization F = {Fy, Fy,..., Fy} of Gif |[E(H)NE(F;)|=1,1<i</.

A k-regular graph G is called Hamilton cycle decomposable if G is decom-
posable into & Hamilton cycles when k is even and into (k — 1)/2 Hamilton
cycles together with a 1-factor (perfect matching) when k is odd. For a real
number z, [z] denotes the least integer not less than x. A latin square of
order n is an n X n array, each cell of which contains exactly one of the
symbols in {1,2,3,...,n}, such that each row and each column of the array
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contains each of the symbols in {1,2,...,n} exactly once. A transversal T
of a latin square of order n on the symbols {1,2,...,n} is a set of n cells, ex-
actly one cell from each row and each column, such that each of the symbols
in {1,2,...,n} occurs in a cell of T.

For two simple graphs G and H their tensor product, denoted by G x H,
has vertex set V(G) x V(H) in which (g1, h1)(g2, he) is an edge whenever
g1ge2 is an edge in G and hihs is an edge in H, see Figure 1. Similarly, the
wreath product of the graphs G and H, denoted by G o H, has vertex set
V(G)x V(H) in which (g1, h1)(g2, h2) is an edge whenever g; g2 is an edge in
G, or g1 = go and hihsy is an edge in H. Note that K,, o K, is the complete
m partite graph in which each partite set has n vertices. If Hy, Hs, ..., Hy
are edge disjoint subgraphs of G' which partition the edges of G, then we
write G = H; @ Hy @ - -- @ Hy. It is known [14] that the tensor product is
commutative and distributive over edge-disjoint union of graphs, that is, if
G = Hi®oHyD-- '@Hk, then G x H = (Hl XH)@(HQXH)@ . @(Hk XH)

F1GURE 1. The graph C5 x Py.

We shall use the following notation throughout this paper. Let G be a
bipartite graph with bipartition (X,Y’), where X = {z¢,z1,...,2,—1} and
Y = {y0,y1,...,yn—1}. If G contains the set of edges Fi(X,Y) = {z;yj4: |
0 < j < n — 1, where subscripts are taken modulo n}, 0 < i < n — 1,
then we say that G has the I-factor of jump i from X to Y. Note that
Fi(X,Y) = F,_i(Y,X),0 < i <n—1, where the suffix is taken modulo n
and we assume F,(X,Y) = Fy(X,Y) = Fy(Y, X). Clearly, if G = K, ,,, then
E(G) = UL F(X, Y).

Let G and H be simple graphs with vertex sets V(G) = {xo,x1,...,Tm-1}
and V(H) = {v0,Y1,---,Yn—1}, then V(G x H) = V(G) x V(H) and for
our convenience, we write V(G) x V(H) = U";'X;, where X; stands for
{zi} x V(H). In what follows, we shall denote the set of vertices of X;, 0 <
i<m—1,by {z;; | 0 <j<n—1}, where z;; stands for the vertex (z;,y;)
of G x H. We shall call X;, the ith layer of G x H. Further, we shall call
Yi ={zi; |0<i<m-—1}, 0 <j <n-—1, the jth column of G x H,
see Figure 1. It is clear that G x H is an m-partite graph with partite
sets Xo, X1,...,X;m—1; it can also be considered as an n-partite graph with
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partite sets Yy, Y1,...,Y,—1, where Y; = V(G) x {y;}. Definitions not seen
here can be found in [2] or [3].

A linear forest is a graph in which each of its components is a path. The
linear arboricity of a graph G, denoted by fa(G), as defined by Harary [7],
is the minimum number of linear forests which partition the edge set of G.
Akiyama et al. [8] posed the following conjecture.

Conjecture 1 ([8]). For any k-regular graph G, la(G) = [E£L].

The above conjecture is proved for complete graphs and graphs with maxi-
mum degree 3,4, 5, 6,8, 10; see [9, 5, 6, 8]. The above conjecture is equivalent
to the following conjecture, which we call the linear arboricity conjecture

(LAC).
Conjecture 2 (LAC). For any graph G, [ﬁ-‘ <la(G) < {%1 .

LAC has been verified to be true for the classes of graphs such as com-
plete bipartite graphs, trees, Halin graphs, series-parallel graphs and pla-
nar graphs, see [8, 15, 16, 17, 19]. Alon [1] proved that for every ¢ > 0,
la(G) < (% + €)A for every graph G with sufficiently large A.

Muthusamy and Paulraja [11] and independently Wu [18] verified the
LAC to be true for regular complete multipartite graphs K, o Ks,r > 3. In
[13], LAC has been verified to be true for the graphs K, x K4, 7, s > 2, and
K., x Kg,r > 1,5 > 2. In this paper, we consider the linear arboricity of
the tensor product of regular complete multipartite graphs.

We prove the following theorem in support of Conjecture 2 using the
results of [13].

Theorem 1.1. For m,n,r,s > 3, the la ((K, o K,) x (Ky, 0 Ky)) is
A((KpoKy) x (KmoKy))+1| [(r —1)(m —1)ns + 1}

2 2

2. MAIN RESULT

In this section, we prove that the LAC is true for the graph (K, o Kg) x
(K, o Kp,). Paulraja and Sivasankar proved that the LAC is true for the
tensor product of complete graphs K, X K4, 7, s > 2, see [13]. They achieved
this by considering three different cases, namely (i) r and s are even, (i) r
is even and s is odd and (i7i) both r and s are odd. The following are the
notation and results in [13], which we use extensively in the proof of our
main theorem.

First we define two graphs, R’ and R”, which are subgraphs of K9, —
Fo(X,Y) and Kopy12r41 — Fo(X,Y), respectively, as follows: let X =
{zo,z1,...,290—1} and Y = {yo,¥1,. .., y2r—1}. The subgraph
R = (F5_1(X,Y)), where Fy._1(X,Y) is the 1-factor of jump 2r — 1
from X to Y in Ky, o, see Figure 2(a). Similarly, R” = {(F1(X,Y)) —
{zor—1Y2r, x2ryo } } U x2r—1%0, where X = {xg,x1,..., 22} and
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(a) R (b) R”

(a) The subgraph R’ of K¢ — Fo(X,Y).
(b) The subgraph R" of K77 — Fy(X,Y).

FIGURE 2. Graphs R’ and R” when r = 3.

Y = {yo,y1,---,Y2r}, see Figures 2(a) and 2(b) for R’ and R”, respectively,
when r = 3.
We list below some known results for our future reference.

Lemma 2.1 ([13]). Let the cycle Cop = zoxix2...Tor_120. For r > 2
and m > 1, Cop X Koy, can be decomposed into 2(m — 1) Hamilton paths,
a linear forest and a matching R’ (defined above), which is contained in
(Xor—1U X)) C Oy x Kop; that is, linear arboricity conjecture is true for
CQT X Kgm. O

The linear forest and R’ of Lemma 2.1 are shown in Figure 3 for 2r = 6
and 2m = 8.

Lemma 2.2 ([13]). Forr > 2 and m > 1,

2

Lemma 2.3 ([13]). Let C, = zoxy...zr—120. For v > 3 and m > 1, the
graph Cy X Komy1 ts decomposable into 2m Hamilton paths and a matching
R" of (X,-1 U Xg) C Cp X Kopm1; that is, the linear arboricity conjecture is
true for Cr X Kopmy1. O

(a( Koy 5 Kom) = [(27’— 1)(2m — 1)—1—1—‘ .

Lemma 2.4 ([13]). For r,m > 1,la(Ka x Kopi1) = {M#W '

Lemma 2.5 ([13]). Forr,m > 1, fa(Kori1 X Kopmy1) = [%] . O

Clearly, K, o K (resp. K,,0K,) is the complete multipartite graph with
partite sets Xo, X1, Xo,..., X;—1 (resp. Yp,Y1,Ys,...,Y,, 1), where each
partite set has s vertices (resp. n vertices). Consider the tensor product
of two regular complete multipartite graphs, that is, (K, o K4) x (K, o
K,),m,n,r,s > 3. Let X; ; denote the set X; x Y; C V((K, 0 K;) x (K, 0
K,,)). If we identify each independent set X j, of size ns, as a vertex z; ; and
join z; j and xy, ¢ by an edge if and only if (X; jUX}, ¢) is a complete bipartite
graph K, ns, then the resulting graph is isomorphic to the graph K, x K,,,
see Figure 4. Hence the graph (K, o K ) x (K0 K,) =2 (K, x K)o K ps.
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Subgraph R’ C (X5 U Xo) C Cs x K.

(a) (b)
(a) A linear forest in Cg x Kg obtained by the edges deleted from the six
Hamilton cycles of Cg x Kg (as in Lemma 2.1) together with

{Uo{F1 (X2, X2i41) U Fr(Xoig1, Xoiv2) )} — Fr(X5, Xo)
in Cg x Kg. The broken and solid edges constitute two paths in this linear forest.
For clarity X is drawn twice; if the last Xy when superimposed with the first X
we get the desired paths.
(b) The subgraph R’ of (X5 U Xy), contained in Cg x Kg, is obtained after the
deletion of the edges of the 6 Hamilton paths and a linear forest described in (a).

FIGURE 3. A linear forest and R’ in Cg x Ky.

This means that corresponding to each edge of K, x K,,,, we have a complete
bipartite graph K5 ns in (K, X Ky,) o Kps, see Figure 4.

The main idea and outline of the proof of Theorem 1.1 is the following.
We prove that the LAC is true for the graph (K, o0 K;) x (K, 0 K}) in three
cases: (i) r and m are even (i) r is even and m is odd and (i) r and m
are odd. In all three cases, we reduce the graph (K, o K;) x (K, o K,,) into
K, x K, by identifying a set of vertices as described in Figure 4. We use the
linear forest decomposition of K, x K,, in [13] and “blow” up each of the
linear forests into the corresponding subgraph of (K, x K,,) o K, to obtain
the required number of linear forests in the graph (K, o K;) x (K, 0 K,).
During the process of blowing up the vertices, we need the linear forest
decomposition of some special graphs described in this paper, where we
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FIGURE 4. A small box X;; denotes the ns independent
vertices X; x Y. The vertex x;; of K, x K,, is the cor-
responding vertex of the independent set X;; of size ns
in (K, x Kp,) o K,s and vice versa. Also the layers of
(K, x K)o Kps are denoted by X0 <i <7 —1.

have identified perfect matchings or partial matchings to concatenate the
vertices to make the requiered number of linear trees.

The following theorem is proved in [4]. For the sake of completeness we
give the proof of it as we need the decomposition of the graph for our future
reference.

Theorem 2.6. For r > 3 and s # 2,6, C, o K4 can be decomposed into
Hamilton cycles.

Proof. Let C, = 123...(r — 1)r1l. Since s # 2,6, there exists a pair
of orthogonal latin squares, of order s, say Ls and L. with symbol set
{0,1,2,...,s — 1}, see [10]. Then L, can be partitioned into s disjoint
transversals, see [10]. We denote the elements of Ls; by ordered triples
(a, B,7), where « is the row index, £ is the column index and = is the sym-
bol in cell (a, B). Let T1,Ts,...,Ts be the s disjoint transversals of Lg. To
each T; we construct a Hamilton cycle in C,oK  as follows. If the ath row el-
ement of T; is the triple (o, 3,7), then we construct a path P*,0 < o < s—1,
in C, o K as follows: P? = (1,0)(2,8)(3,a)(4,8)...(r — 1,a)(r, 8), if r is

even and (1,a)(2,5)(3,«)(4,8) ... (r—1,8)(r,7), if r is odd. The ith Hamil-
ton cycle is obtained by the union of s paths P2, P!, ... , P°~! and then join

(2
an edge from the last vertex of each P/,0 < j < s — 1, to the first vertex of
P/ H, where the addition is taken modulo s. Let E; be the set of edges that
have been added to get the ith Hamilton cycle, then the ith Hamilton cycle
is H; = PZ-1 U Pl? U...U P’ U E;. Proceeding like this for every transversal,
we get a Hamilton cycle decomposition of C,. o K. E; N Ej = ¢,i # j, can
be verified by the latin square property.
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This completes the proof of the theorem. O

Lemma 2.7. For r > 3 and s # 2,6, C, o K, admits a Hamilton cycle
decomposition € such that for any given fixed j, there is a 1-factor in
(X; U Xj41) which is orthogonal to €.

Proof. Let C, =123...(r — 1)r1. Fix the jth edge j(j + 1) of C,, where
addition is taken modulo r with residues 1,2,...,r. Let 5 = {H;|1 < i < s}
be a Hamilton cycle decomposition of C,.0 K s, by Theorem 2.6. Let us denote
by M the set of jth edge of each of the paths P!, P#, P§, ..., P;:ll, P
contained in the Hamilton cycles Hy, Ho, ..., Hg, respectively, see the proof
of Theorem 2.6. Clearly, M is a 1-factor in the subgraph induced by the
jth and j + 1th layers of C, o K, and is orthogonal to the Hamilton cycle
decomposition . of C,o K, since Pf, 1 <4 < s, is a section of the Hamilton

cycle H;,1 <1 <s. O

For the rest of the paper, in the graph G x H, irrespective of the nature
of the graphs G and H, the vertex z; ; denotes the ordered pair (x;,y;) €
V(G) x V(H). If z;; € V(G x H), then X, ; denotes the set of vertices in

(G x H) o K, obtained by replacing z; ; by ns independent vertices.

Lemma 2.8. Forr,m > 2 and ns # 2,6, the graph (Ca, 0 K) X (K2m o Ky,)
can be decomposed into (2m — 2)ns Hamilton  paths, ns linear forests and a
matching, that is, the LAC is true for (Cop o K4) X (Kopy 0 Kp).

Proof. Let Co,. = xoxr122...T20_1x0. If n = s = 1, then the result follows
from Lemma 2.1 and hence we assume that n, s > 1. It is an easy observation
that (Cop 0 Kg) X (Kopm 0 Kp) = (Cop X Kop,) 0 Kps. First we decompose
Cor X Koy into Hamilton cycles Hy, Ha, ..., Hy(,—1) and a 2-factor G, see
[13]. Then we can write (Car X Kom) 0 Kns = (@fﬁ*”(f[i o ms)) @ (Go

K,s). Now we decompose each H; o Kps,1 <i <2(m—1) and G o K into
appropriate number of linear forests.
The 2(m — 1) Hamilton cycles, H;,1 < j < 2(m — 1) of Cy, x Koy, are

Hyi = |J {{Fom—2:(Xt, Xe1) U Fam—2i41 (Xt Xeg1)}

teven

— Tt mpi—1Tt4+1,m—i} U U {Ztm—iTer1,mti—1}s

todd
Hy; = U H{Foi—1 (X4, Xig1) U Foy (X, Xep1)} — Tt m—i®i1,myi—1}
todd
U U {Ztmi—1%e41,m—i }s
teven
for0<t<2r—1,1<¢<m—1, and the last 2-factor is
r—1 r—1

G = U F1(Xo;, Xoi1) U U Fopm—1(X2iy1, X2it2),
=0 i=0
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where the addition in the subscripts of X is taken modulo 2r.
Let
R= {$2r—1,m—1x0,m7 L2r—1,m—2L0,m+1 L2r—1,m—3L0,m~+2,
<oy L2r—1,120,2m—25 L2r—1,2m—220,05 L2r—1,2m—370,1, L2r—1,2m—4720,2,

cee ax2r71,m$0,mf2}-

xge (@\@ D GO €GP @\/&ch of the small boxes represents a
T AL
(G @ @0 @ CQ @ @ &)
NN STN N\

M@@@@@@%@
T FFHEL

set of ns vertices of G o K 55

RS S 6
X (@D @D @D @D @D GO Go &)

A bold line represents a K5 s between the respective vertex subsets. In this
figure, the layer X3* of G o K5 appears twice. Identifying the first and last X7**,
we get the graph isomorphic to G o K .

FIGURE 5. G o K.

R is orthogonal to the above set of 2(m — 1) Hamilton cycles H;,1 < i <
2(m—1) since |HiﬂR|: land Hy; 1NR = T2r—1,m—iT0,m+i—1, 1<1<m-1
and Ho; N R = x9,_12m—i-170,i—1,1 < i@ < m — 1, see the proof of Lemma
2.7 of [13].

Thus (CQTXKQm)OKnS = (Hl@HQ@. . -@HQ(m—l)@G)OKns = (HloKns)@
(Hyo Kpns) @ ... & (Hagn—1)0 Kns) ® (G oK), where {H;|1 <i < 2(m—1)}
is the Hamilton cycle decomposition of Cs,. X Ko, obtained above, and G is
a 2-factor of Cy, x Ko, described above.

In the graph Ho;—1,1 <14 < m — 1, fix the edge x2,—1,m—iT0m+i—1; then
Hy;_10K s admits a Hamilton cycle decomposition {HJ, ;|1 < j < ns} such
that a perfect matching My;—1 in (Xo,—1 m—iUXo m+i—1) is orthogonal to the
cycles {H}, ;|1 <j < ns}, by Lemma 2.7, where X, ; = x; ; X V(K,,) and
1’1‘7]‘ S V(CQT XKQm). Thus Hgi_loKns = @;ﬁl Hgi—l = @?21 P2]¢_1®M2i—17



LINEAR ARBORICITY OF TENSOR PRODUCTS OF GRAPHS 253

where PjS_l is the Hamilton path obtained from the Hamilton cycle Hgi_l
by deleting the edge of My;—1 in it. Similarly, in the graph Ho;, 1 < i <
m — 1, fix the edge z2,—12m—i—1%0,i—1; then Ho; o K,s admits a Hamilton
cycle decomposition {Hj |1 < j < ns} such that a perfect matching My;
in (Xor—1,2m—i—1 U Xo,—1) is orthogonal to the cycles {Hg 1 < j < ns}
by Lemma 2.7. Thus Ho; o K,s = D2, HJ = @, PJ @ My;, where
sz is the Hamilton path obtained from the Hamilton cycle Hy, J ; by deleting
the edge of My; in it. We denote UZLT b M;, by M; M is a matchlng in
(X35 U XT5) C (Cop x Kap) 0 Kns.

Consider the 2-factor G of Cy,. x Ks,,, obtained at the beginning of this
lemma, which consists of 2m cycles C%T, 1 <1 < 2m, each of length 2r. Now
GoK s = @f;“l(cgr oK ), see Figure 5 for 2r = 6 and 2m = 8. Fix the edge
Zor—1,i+170,; of Cé ,1 <i < 2m; then each C’é o K s has a Hamilton cycle
decomposition such that a matching M/ in (X9, ;41 U X ;) is orthogonal
to the Hamilton cycle decomposition of C%.o K, by Lemma 2.7. Thus each
(727, o Kps,1 < i < 2m, has a decomposition into ns Hamilton paths and a
matching. Let M’ = U,2m1 M. M’ is a 1-factor of (X3¢ ; U X{§®). Thus we
have a decomposition of (G o K,s) — M’ into paths, where each path has
2rns vertices. Thus we have a Pa,ps-decomposition of (G o Fns) — M.

M and M’ are matchings in (X5 | U X[*), see the broken lines of Fig-
ures 6(a) and 6(b), respectively, for 2r = 6 and 2m = 8. The linear forest
decomposition of ((G o K,s) — M') U M, consisting of ns linear forests, is
obtained as follows: As G consists of 2m copies of Co,., collecting one Py
appropriately from each component of (G o K,s) — M’ together with some
edges of the matching M connecting the ends of P,.,s constitute a linear
forest of (((G oKps) — MU M) C (O X Kop) 0 Kps. In otherwords, the
Hamilton path decomposition of the components of (G'o Ks) — M’ (that is,
the Po.ps-decomposition obtained above) when fused with the edges of M,
we get ns linear forests of ((G o Kps) — M’)UM. Thus we have decomposed
((G o Kys) — M')U M into ns linear forests.

Thus we have decomposed (Ca, X Kop,) 0 Ky into 2(m — 1)ns Hamilton
paths, ns linear forests, distinct from the Hamilton paths, and a matching
M’ and hence fa((Cop x Kop) o Kps) = 2(m—1)ns+ns+1 = 2mns—ns+1.

This completes the proof of the lemma. U

To prove Lemma 2.10, we define a graph PQZT and show that LAC is true
for Py..

The graph Pfr is obtained from the path P, = zgx1...x2,._1, by re-
placing each vertex x; in P, by the set of ¢ independent vertices X; =
{240, i1, %i2, ..., xi¢—1}. The edge set of Pfr consists of the following edges:
for0<i<r-—1, <X2iUX2i+1> induces a K&g and for 0 < i <r—2, <X2i+1 @]
Xoitro) is a 1-factor Fo(Xoiq1, Xoit2), see Figure 7(a).

Lemma 2.9. Forr,{ > 1, LAC is true for the graph PQET.
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(b) The 1-factor M’ in the subgraph induced by (X2* U X{*) in G o Kns.
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I
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v (0D D @ 6 6o 6D T o)

c) The matching M in (X U X§*).
5 0

(a): Each broken line represents a perfect matching between the respective vertex
subsets. Hence the union of all the broken lines represents the matching M in
(X&* U X{®). Bach bold solid line represents a K, s between the respective
vertex subsets. Each normal line between X¢'° and X{'* represents a K5 ns minus
a perfect matching. This graph minus the normal solid lines is isomorphic to the
graph obtained from Figure 3 by blowing up each of its vertex by ns independent
vertices and replacing each edge by a copy of K5 s or a perfect matching of
Ks.ns according as the edge is normal solid line or broken line.

(b): Each broken line represents a perfect matching between the respective vertex
subsets and the union of all the broken lines represents the perfect matching M’
in (X2 U X{*).

(c): Each broken line represents a perfect matching between the respective vertex
subsets and the union of all the broken lines represents the matching M in

(Xg* U Xg7).

FIGURE 6. ((Go Kps)— M) UM when 2r = 6 and 2m = 8,
and it is contained in (Cg X K3) o K.
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Proof. We prove this lemma in two cases.
Case 1: ¢ = 2k for some k.
In PQE for each 7,0 < i < r — 1, the subgraph (Xo; U X9;41) of PfT is

79

isomorphic to Koy, 2, and a Hamilton cycle decomposition of (Xo; U X9;41)
is given by

A" = {0°(Haipi+1) = Hai9it1,0(Haii11), 0° (Hi2i41),
0" 2 (Hai9i41), 0" (Hai2ir1) ),

where

0% (Hai2i41) = Hoi2it1
= X2i,0 T2i+1,2k—1L2i,1 L2i4+1,2k—2 24,2 T24+1,2k—3

Cea D24 k—1 T2i+1.k T2k T2i41k—1 T2 k+1T2i+1k—2

- L24,2k—2 L2i+1,1 T2 2k—1 L2i4+1,0 L2i,0

and o denotes the permutation (x2;0, 2,1, 2,2, £2i3; - - - » £2i 2k—2, £2i,2k—1)
(%2541,00 T2i41,1> T2i+1,2, T2i41,35 - - - » T2i1,2k—25 T2i41,2k—1)-

First we construct a linear forest L in the graph PfT as follows and we
will generate other linear forests in it using L.

L= (H071 — {$0,0$1,0}) U <H2,3 - {$2,0$3,0}) U (H4,5 — {$4,0$5,0})U

.U (H2r72,2r71 — {$2r72,0x2r71,0})
U{21,072,0, T3074,05 507605 T2r—30T2r—2,0}
is a Hamilton path of Py , see Figure 7(b).
Then L = 7°(L), 7Y(L), 72(L), ..., 7F=Y(L) gives k Hamilton paths of
Py, where 7 denotes the permutation
(20,0:0,15 - - - » 0,26—1) (¥1,0 T1,1, X125 - - -, T1,2%—1)
(22,0, 2,1, 2,2, - - - T2,2k-1) (T2r—1,0, T2r—1,1, T2r—1,2, - - - T2r—1,2k—1)-

The remaining edges of Py, that is, E(Ps.) — (Ui:o1 7¢(L)), are the edges
of the matching

r—22k—1 r—1k—1
R=J U {mairrjmaisa, U (J Lz oo s}
i=0 j=k i=0 j=0

Hence LAC is true for Py, if ¢ is even.
Case 2: ¢ =2k + 1, for some k.

In Pfr, for each 7, 0 < i < r — 1, the subgraph (Xo9; U Xg;41) of Pf,, is
isomorphic to Kokt1, 2k+1 and a Hamilton cycle decomposition of (Xo; U
X2i+1> is given by

A" = {0°(Ha;, 2i41) = Hai, 2041, 0(Hai, 2i+1), 0> (Hai, 2i4+1),

0 T2 (Hyi, 0i1), 0 (Hai, 2i01) )
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° ® . . . To,0  To,1 o2 . Too—2  To.0-1
%00  ®o1  ®o2 .- B0z Toe-1 — ~. . ~
<«——— K ¢ between these parts
Ell'“ e Tif-2 T 1‘-1] GL() T @12 Ty -2 T -1
d 3 THo o T2 2,2 ... Top—o T2 -1
To,0 Tl T2 R To -2 T24-1 S~~~ . -
[:I 13,0 A3, 1 &y 2 . &3 f-2 X f—lj E L0 3,1 &3 2 e T3, 0-2 €3 0-1

[:(;4, 0 Ty T4,9 BN Ty 02 T4, p_lj E}*\ JIT‘N ;I,uhNA .. /I%M%:,lj

. .
. .
. .

| | | |
l l l L L (z —2,0 T2r—-2,1 T2p-2,2 .. T2p—2 (-2 -’lr'zr—z.f—g

T2r—2,0 T2r—2,1 T2r—2,2 -+ T2r—2,0-2 T2r—2,0-1 ~o . / -

. . . . . l// / \\

T2r—1,0 T2r—1,1 T2r-1,2 -.. T2r—1,£-2 T2r—1,£-1 Cor—1,0 T2r—1,1 T2r-1,2 .. T2r—1,0-2 T2r—1,0-1
(a). The graph Py, (b). The linear forest L in Py,

Parallel lines between Xy; and Xg;41,0 <4 < r — 1, in 7(a) represent a K;, and
normal lines between Xo; 11 and Xo5;42,0 < i < r — 2, denote a perfect matching,
which is precisely (Xo;11 U Xa;42).

FIGURE 7. The graphs P}, and a linear forest L in Pj,.

together with the 1-factor

22l = {$2¢,0$2i+1,2k—1, T24,102i4+1,2k—25 L24,2L2i4+1,2k—3, L2,3L2i+1,2k—4,
ey L2 k12204 1,ky L2 kT2i4-1,k—15 T2 k4+1L2i+1,k—25
ooy £24,2k—122i41,05 $2i,21c$2i+1,2k},
where
00(H2¢,21‘+1) = H2i,2i+1 = 2,0 L2i+1,2k L2i,1 L2i4+1,2k—1 L252 T2+1,2k—2

e X2 k—1 T2i41,k+1 T2k T2i+1,k T2 k+122i+1,k—1

- X24,2k—1 T2i+1,1 T2 2k L2i4+1,0 L24,0

and o denotes the permutation (5621'70, L2431, %242, L2435 - -+ L24,2k—2, Ct?gi,gk_l)
(241,05 241,15 T2i41,2s T241,35 - - - » L2+1,2k—2> L2i+1,2k—1) -
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Clearly, L = (HO,l —{$0,0$1,0}> U (H2,3—{$2,0563,0}> U (H4,5—{934,0335,0}) U

.U (H2r—2,27"—1 — {932r—2,0$2r—1,0}> U {21,022,0, £3,074,0, T50%6,0; - -,
Tor—30T2r—2,0} is a Hamilton path of the graph PQKT.
Now . = {L = (L), pX(L), p*(L), ..., p’“_l(L)} is the set of k edge

disjoint linear forests of Py , where p denotes the permutation

(20,0, £0,1,20,2, - - - s £0,2k—1, T0,2k) (1,0, T1,1, T1,2, - - -, L1 2k—1, L1,2k)
(362,0, T2,1,L2,25 -+, T2 2k—1, 902,2k)
ce («732'r—1,07 L2r—1,1,L2r—1,25+ -+ » L2r—1,2k—1, x2r71,2k)-

The edges not contained in the subgraphs of .Z are R = U;:& {F22H1y y
UiZo UhZo {maijmai i} U UG U e {maiv joaiga,}. Clearly, £ U R is a
linear forest decomposition of Py, and hence LAC is true for Py .

This completes the proof of the lemma. O

Next we define the graphs Za, 2., and Z;fgm and show that LAC is true
for these graphs.

The graph Zs, 2, is obtained from the path P», = zox...x2,—1 as fol-
lows: replace each vertex x; of P, by the set of 2m independent vertices
Xi = {zio,%i1,%i2,...,Tiom—1}. The edge set of Zy, 9, consists of the
following edges: for 0 < ¢ < r — 1,(X9; U X9;41) induces a Kop om —
Fo(Xoi, X9i41) and for 0 < i < r — 2, (Xo;41 U X9;49) induces the 1-factor
Fopm—1(X2i41, X2i+2). The graph ngm is obtained from Zy, 2,, by replacing
each of its vertex x44,0 < a < 2r —1,0 < b < 2m — 1, by an independent
set Xgp of ns vertices. If x4pz.q is an edge of (Xo; U Xoit1) C Zorom,
then (X,p U X.q4) is isomorphic to Ksns and if z,p2.4 is an edge in
(X2i41 U Xoit2), then (X, U X, q) is isomorphic to a 1-factor of K ps
with partite sets X, and X, 4, that is, we can consider Z;:";Qm as a “blown
up” graph of Za, 2, obtained by blowing up each edge e of Za, 2, into
a copy of Kysns or a 1-factor of K., according as the edge e belongs
to (Xo; U Xoi41), or (X941 U Xo;19), respectively. For the subgraph Z of
Zorom, let B(Z) denote the subgraph of Z37,  obtained by blowing up each
vertex of Z by ns independent vertices and the edge e € Z by a copy of
Kpsns or a 1-factor of Kpsps, according as the edge e € (Xg; U Xoi11) or
e € (Xo;4+1 U X9;49), respectively.

It is known that LAC is true for Zy, 2,, by [13]. But we need an alternate
proof for our future reference, which is contained in the proof of the following
lemma.

Lemma 2.10. Forr,s > 2 and ns # 2,6, LAC is true for the graph Z37,,,.

Proof. Consider the graph Zs; 9. In Za; 2y, for 0 < ¢ < r —1, the subgraph
<X2i U X2i+1> is iSOIIlOI‘phiC to KQm,Zm - FO(XQi,X2Z'+1), where Fo is the
1-factor of jump zero and, for 0 < i < r — 2, the subgraph (Xo; 11 U X2;42)
is isomorphic to Fop,—1(X241, X2i+2). Consider the subgraph (Xo U X;) =
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Kgm’gm — FO of ZQT’Qm, where XO = {1'0’0, 20,1, 20,25 - - - 7370,2m71} and X1 =
{10,711, 712, ..., T12m—1}. Let
{Z0,0T1,m—1,T0,1%1,m—2, £0,2T1,m—3, - - - ,xo,mT—stmTH}
U{Z0,2m—121,m» £0,2m—2%1,m+15 £0,2m—3T1,m+2,
Y2 R R stm{s}, if 2m =2 (mod 4)
{0,021,m—2, 20,1%1,m—3, T0,2T1,m—4, - - -, To, 2 _2T1 12 }

U{x0,2m72$1,ma 20,2m—3T1,m+1, £0,2m—4L1,m+2;
e ,130737mx173m2_4} U {J:O’ng_z T1,m 1}, if 2m =0 (mod 4).

It can be observed that M"” contains m — 1 edges of distinct even jumps,
namely, 2,4,6...,2m — 2 in (Xo U X3), see for example, Figure 8.

Now we explain the idea behind the proof of this lemma. First we shall
prove that Zs, 2, has m — 1 edge-disjoint Hamilton paths and a linear for-
est, disjoint from the Hamilton paths. That is, Z2;,2,, has m linear forests
{L1,La,...,Ly}. Then we blow up each L;j,1 < j <m — 1, that is, we find
B(L;) and, if necessary, we add some edges of B(Ly,) to B(L;) and then we
decompose the resulting graph into ns Hamilton paths of Z37, . Finally,
we prove that the set of edges not in the above set of (m — 1)ns Hamilton

ns iy : ns+1| 1;
paths of Z3’,,, has a decomposition into [ "5 | linear forests.
To,0 %o,1 T0,2 0,3 0,4 To,5 L0,6 To,7 20,8 L0,9 0,10 To,11
0 . . L . . . .
X] . . . . . .

r1,0 T1,1 T1,2 T1,3 T1,4 T15 T1,6 T1,7 T1,8 r1,9 T1,10 T1,11
(a) M" when 2m = 12.

To,0 To,1 T0,2 0,3 To,4 Xo,5 L0,6 Lo,7 To,8 0,9 L0,10 Z0,11 0,12 0,13
L]

Xo

)(1 . . o
r10 21,1 T2 X1,3 P14 T15 T1,6 T1,7 T1,8 21,9 T1,10 T1,11 T1,12 X113

(b) M" when 2m = 14.

FIGURE 8. The matching M” when 2m = 0 (mod 4) and
2m =2 (mod 4) for 2m = 12 and 2m = 14.

Now we shall give a detailed proof of the above sketch.

Claim. Zy,2,, admits a linear forest decomposition into m — 1 Hamilton
paths and a linear forest.

Proof of claim. In Zay 9y, let M" be the matching in (Xo U X;) described
above. Clearly M"(= p°(M")), p™= Y (M"), p*m=D(M"), ...,
pr=Dm=1) (A"} are matchings in (Xo U X1), where p denotes the permuta-
tion
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($070, 1'071, e ,ZEO,mel)(SL'LQ, ."L‘Ll, ey xl,mel) on the vertices XoUXl. Then
by abuse of notation we denote by M" (= pQ(M")), pT~H(M"), pg(m_l)(M”),
pg(m_l)(M"), ol pff__ll)(m_l)(M”) the matchings in (XoU X1), (Xo U X3),
(X4 U Xs5), ... (Xop—2 U Xyo,_1), respectively, that is, pz(mfl)(M”) is a
matching of (Xor U Xoxy1) whose edges are the corresponding edges of
P =D(M") C (Xo U X1); that is, if the edge 2110 is in (Xo U X1),
then o jTok+1,i+¢ is called its corresponding edge in (Xor U Xogt1)-
. _ 2(m—1
; Novlv we delete the e;iges ?f the matchings M", p"~1(M"), p2(m )(M”),
Py, L pU DT (M) in (XU XD, (XU Xs), (XaUX), ..
(Xor—2 U Xo,_1), respectively. As (Xo; U Xo;41),0 < i < r —1, is isomor-
phic to Koy, 2m — Fo, it has a Hamilton cycle decomposition {Hgi,2i+1|1 <
j<m-1}U Fl(XQi,XQHI), where Fj(Xg;, Xoi1+1) is a 1-factor of jump 1
in (Xo; U Xojt1), and Hy,; ;) = Foj(Xai, X2it1) U Foj1(Xai, X2i41), 1 <
j < m — 1. Clearly, by the choice of M", M" is orthogonal to the Hamil-
ton cycles {H(]Ll]l < j < m — 1}, since M” contains exactly one edge of
jump 2,4,6,...,2m — 2. As M" is orthogonal to the Hamilton cycles in
(Xo U X1), the matching p’;(m_l)(M ") is orthogonal to the Hamilton cycles
{Hgk2k+1‘1 <j<m-— 1} in <X2k UX2k+1>,0 <k<r-—1.

Let D;j,1 < j < m — 1, denote the set of r edges, one edge from each
of the matchings p;(m_l)(M”) C (Xo; U X9;41),0 < i < r —1, such that
its edges are of jumps 25 and 2m — 2j, alternately, from pz(m_l)(M”) C
<X21’ @] X2i+1>,0 <1 <r-— 1, that iS,

(#nM7) o (HE5? 0o () U (HY 5 005 D ()
U (Hgs7 N p§<m-1>(M~)) uU...

O (H3 s 050D (M)

U ng—2,2r—1 N Pq(nil)(m_l)(MH) ’ if 2r =2 (mod 4),
(#., narm)u (m357 =t umy) o (B0 ™0 (um)
U (Hgs7 N p§<m4>(M~)) u...

=D

—11

e Dem=b gy if 2r =0 (mod 4),

j (
U\ Hapa2r-3 0 0y
m—j (
U Hyr—2.9r—1 NPy

see Figure 9.

Next, we construct a linear forest L;,1 < j <m — 1, in Z; 2., as follows:
before that we construct the subgraph L;- of Zarom.

Let L; denote the union of » Hamilton paths, one from each of the sub-
graphs (Xo; U X9;4+1),0 < ¢ < r — 1, such that it contains the jth and
(m — j)th Hamilton paths, alternately, from (Xo; U X9;+1),0 <7 < r —1,
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see Figure 9, that is
(H, U B U HY 5 U H UL OB g U H, )
—Dj,if 2r =2 (mod 4)
(Hg,l U Hg,ﬁbi;j U HZ,S U HQ?;] U...® ng74,2r73 U Her:gQrfl)
—D;,if 2r =0 (mod 4),
_in other words, we have punched one edge of the orthogonal matching
p;(m_l)(M”) from the specified Hamilton cycle of (X9;UX9;41),0 <7 < r—1.

H3, — (HE ;0 M) HE — (HE M)
f f The unique edge of

I
L; =

\ " o ( ?\ A .‘\ }\ :\ = (I\ = ) 11111”:n(znim M")
R 1 ) S
M"in HJ . X, ( 'AVAVAVAAV I\ j
I EWNEWAE A
u;ﬁ;z—uz;_';?np;"*'w”»._/;y ) y \ y \ :' )_,H;f_;l7(H;f_.;lmp;wn"))
A WAV AV V)
e GE RN D
ananamEna

N WAYAAVA AVAD

For clarity, the Hamilton cycles in the Hamilton cycle decomposition of
(Xo9; U X9;41),0 <i <r—1, are shown “like loops” together with a broken
line between Xo; and Xo;41; (the ends of the broken edges are not necessarily
the “corresponding vertices”). Each D; contains exactly one broken line of
(Xoi U X9i41),0 < i <r—1. U;”:_ll D; denotes all the broken lines. Also
U;n:_ll L;- denotes the disjoint union of all the paths obtained by deleting the
broken lines from the Hamilton cycles shown in (Xo; U X9;41),0 < i <r—1.

FIGURE 9.

Next we shall show that the edges in U;:g(XZiH U Xogi4+2) can be par-
titioned into m sets A;,1 < j < m so that each L; UAj,1 <j<m—1,

is a Hamilton path of Zy, 2, and U::_& Fi (X9, Xoi41) U U;n:_ll D;UA,, is a
linear forest (note that U;le D; is a matching of |J/—y (X2 U Xai41))-
Consider Hg}l and M" in (XoUX1) and let zg 421 4+2; be an edge of jump
27 in (Xo U X1); by the choice of M”, the edge of jump 2m — 25 of M" is
20,04 2j+mT1,at+m- NOW
PN (T,042j4mT3a4m) = T2,a42jtmtm—1T3,a-+m+m—1

= T2,40+2j-1T3,a—1-
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N

The Hamilton path H ; — (H}, N M") in (X, U X;)

=<
~~o

-

The Hamilton path Hy'57 — (H5"7 N M") in (X, U X3)

(r—2)(m—1)

Edges of 4 Hyy gors = (Hap_g 205 N2y (M")) or

—j -j —2)(m—1
31~ ey = (B3 0y 0 977000 (7))
“““““ according as 2r = 0 or 2 (mod 4), respectively.

Hy oy — (Hy =y 0 U0 (M7) o

j j r=1)(m-1) 7,
H 9901 — (Hiy 9,904 N e 67))

according as 2r = 0 or 2 (mod 4), respectively.

10(a) : The linear forest L; = L, U A;.
Each “loop like” solid line represents a Hamilton path in (Xo;UXa;41), 0 < i < r—1.
Each broken line represents an edge of A; in (X9;41 U X2;42). The “loop like” solid

lines and broken lines together give a Hamilton path L; in Zs, 2y,.
) H3 = (H3 ;N M") H3, —(H3,nM")

“ (AT ATAR

\ /\ m—1 m—1 "
H}, — (Ho1nM") _//»X J y ) >( ) X J<_/H(,>l — (=T N M")

o (/( 1 7 )
Hy? (5 0 D—/vy j v j \/ j y j<——H,_;§1,(H;zglﬁ,,qlfl(i\,ff>>
I WAVAVIAVY AV
— e
Yoo CA C o Cn )
ANANAIER
N G A ALY AV

10(b)

FIGURE 10. Various Hamilton paths of Zs,2,, are shown,
wherein a Hamilton path of (Xo; U X9;11) is shown “like a
loop” (between Xo; and Xog;41) for clarity. The bold edges
between Xo;11 and Xg;102,0 < i <7 — 2, denote U;n:_ll Aj.
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X0 [I 0,0 10 1 xo2 Zo,3 Toa To,5  T0,6 Zo,7 ]
AN N W -

X] 71, ]

Xy ‘ ]

X3 x: ]

Xy ’ ]

5,1 X592 X53 T54 L5565

Broken lines in (Xo U X1> denote M". In (Xa; U Xa;41),¢ = 1,2, the broken lines
denote the edges of pgmfl)(M”) and pg(mfl)(M”), respectively. The solid (bold
and normal) lines are the edges that are not contained in the linear forests
Lj,l S _] S 3 of Z6,8-

FIGURE 11. The linear forest L4 of Zg 3.

Hence Hj, —(H},NM") and Hyy 7 — (Hy 7 np{™ V) (M")), that is, deleting
the unique edge of M" in H&l and deleting the unique edge of pgm_l) (M") in
Hy' "7 we get Hamilton paths in (XoU X;) and (Xa U X3), respectively, and
the edge =1 q+2j%2,a+2j—1 Of <X1 U X5) joins the end vertex of H0 1 (Hé’1 N
M") and the origin of Hy'y 7 — (Hy's I P (M™)). Tn general, Hék,2k+1 —

' k(m—1 k+1)(m—1
(H%k,Qk—&-l N Pk(m )(M”)) and H2k+2 2k+3 (H2k+2,2k+3 N P1(<;+1 o )(M”))
are Hamilton paths in (Xo, U Xog41) and (Xog12U Xog3), respectively, and
there is an edge of (Xog11UXop42) joining the end of Hy, ki1 (H3, k1N

k(m—1 s e m—j m—j m— "
pk(m )(M”)) and the origin of H}; ) 243 — (HY T aprs N DD (M), see
Figures 10(a) and 10(b). The above is true for all £,0 < k < r — 2. Let
the union of the edges in (X911 U Xg;42) connecting the paths in L;- be

denoted by Aj, see Figure 10(a). Hence L;- U A; is a Hamilton path of
Zopom, see Figure 10(a). Let Z = | J]=2 (<X2,-+1 U XQM)) — Ut Ay, that
is the edges of U:;§<X2i+]_ U Xo9i+2) which are not on the Hamilton paths of
Zar.2m obtained above.

Thus we have (m — 1) linear forests L; = L, U A;,1 < j <m — 1, where
each L; is a Hamilton path of Z, 2,,,, see Figure 10(b).

By the way M" is constructed in (XoU X7), the edges not on Uznjll L; in
Zar2m induce a linear forest, say L,,, which consists of vertex disjoint union
of paths, see Figure 11, for 2r = 6,2m = 8. Thus we have decomposed
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Zar2m into m — 1 Hamilton paths and a linear forest. This completes the
proof of the claim. O

Now using the linear forest decomposition of Zy, 2,,, we shall decompose
25y o into linear forests by blowing up each of the graphs L; U Dj,1 <
Jj <m —1, of Zy 2, see Figure 12, into ns linear forests and a matching.
Further, we shall show that the edges not contained in the (m — 1)ns linear
forests of Z35,,, induce [25-] linear forests.

First we consider the subgraph L; U Dj of Zarom, that is,

Hj UHy? UH UHE UL UHS T,
UH3, 59, 1,if 2r =2 (mod 4)

Hjy UHy s UH s UHG7 7 U UHy, 49 g
UH;«L:%,Qr—p if 2r =0 (mod 4),

L;UD]':

The graph Hgk,ngOFns, 0<k<r—1,1<j<m-—1,subgraph of Zarom:s
has a Hamilton cycle decomposition such that a matching Mé k2k+1 in (X7}
X3:. 1) is orthogonal to the Hamilton cycle decomposition of Hgk,zk 41 ©
K, we can suppose that Mgkgk 41 s contained in the complete bipartite
subgraph of Hgkzk 41 o K, induced by the layers corresponding to the ends
of the unique edge of Hgk,2k+1 N pﬁ(m_l)(M”), by Lemma 2.7.

Thus, as L; U Dj is the disjoint union of cycles, each component (L; U
Dj) o Ky has a Hamilton path decomposition together with a matching.
Let L’ denote the union of these paths, that is,

7,ns
((L; U D) 0 Kng) — (Mg, U My U M{ 5 U Mgy
oo U...U MQWT’L—ZJL,QT‘—?) U‘Mgr_z,gr_'l)7 if 2r =2 (mgd 4)
ins =\ (L5 U Dy) 0 Kons) — (Mg, U Mg U MU MG
Uer UM, g5 g UM3 S5, ,),if 25 =0 (mod 4).

As each component of L;-,m has a decomposition into Hamilton paths
when they get fused with the edges of B(A;), where B(A;) is defined just
above this lemma, we get ns edge disjoint Hamilton paths of Z3’, , that is,
the subgraph L;}n <UB(A;) is exactly the union of ns edge disjoint Hamilton
paths in Z37, ., see Figure 12. As j varies from 1 to m — 1, we have (m —
1)ns edge disjoint Hamilton paths in Z37,,,. Let £ denote these (m — 1)ns
Hamilton paths of Z37,, .

The set of edges of Z3;°,,, not contained in the (m —1)ns Hamilton paths

of Z3?,,,, obtained above, are

r—1 m—1r—1

U (Fi(Xaj, Xoj1) o Ke) | U | | U M 000y | UB(2),
=0 j=1 i=0
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acopy of Ks s — M, —|  (Hjy 0 Kns) — Mg, .

Edges of B(A4;),

a perfect matching

acopy of Kns,ns = My's—| (H}'77 0 K ) — M35/

Including the broken line
represents H{

Edges of B(A;),
a perfect matching
vOHj, .
4 ' 2 .
Edges of A; \/ acopy of Kns,ns — M{ 5| (Hj 50 Kns) = My 5 .
a5
N o — Edges of B(A;),
’/'/"\ a perfect matching
v Hi .
Edges of D, S~ a.copy of King s — M7= (H{'77 o Rop) = M7 o

Edges of B(4;), /

a perfect matching

H3, ooy or HI' D, -
22,201 2r-2,2r-1 acopy of K, ns — M3, 5,
according as 2r = 2 or 0 (mod 4)

or
o - A pm—j J 3 _oAmei
acopy of Kps ns — My "5 5,1 991 0 Kns) = My "5 o0p 4

12(a) The graph L; U D;

12(b) The graph L’

jsns

U B(A;)
12(a). The graph L; U D;. In this figure, each normal line represents a Hamilton
path in (Xorp U Xog41),0 < k <7 —1, the bold lines represent the edges of A; and
the broken lines represent the edges of D;.

12(b). The graph L', U B(A;), where each small round represents an independent
set of ns vertices. Each one of the parallel lines represents a complete bipartite
subgraph K s s between the respective vertex subsets. Also each of the bold lines
denotes a copy of K5 s minus a perfect matching Mgﬂz Lp0r M;?gfﬂ, according as
i is even or odd, respectively, in it; this matching Mgi)%_H or M;;gf_H is orthogonal
to the Hamilton cycles of the Hamilton cycle decomposition of H§z21 410 Ky or
H;L;ZJH o K, respectively. The bold lines together with the parallel lines induce
ns Hamilton paths in respective subgraphs (XJ7 U X3, 1),0 <k <r—1, of Z37,
and their union is L} , ;. Each of the normal lines represents the edges of B(4;), a
perfect matching between the respective parts.

FIGURE 12. The graph L;UD; of Zs; 2,, and the correspond-
ing Hamilton paths in Z37% .
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Xo{wwwwwwwﬂ]

st(mﬂ hhx‘ﬁhh&m}

(e B & 6 G &) G0 )
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X'z’(wwuwwwa

S

Edges of type denote a K5 s between the respective vertex subsets
Edges of type - - - - denote a 1-factor of K5 55 between the respective vertex subsets
Edges of type denote a 1-factor of K, s between the respective vertex subsets

FIGURE 13. The graph (U;;(l)(Fl(ng,XQjJrl) OFns)) U
(Ut Uizg M 5:41 ) U B(Z) when 2r = 6 and 2m = 8.

where Z = U;:g <<X2i+1 U X2i+2>> — U;”:_ll Aj of Zayom; thus the leftover

edges look like the graph in Figure 13 (Figure 13 is obtained from the graph
of Figure 11 by blowing up each one of the bold solid lines into a Ky pns
and blowing up each one of the normal solid lines and each broken lines in
it by a perfect matching between the respective vertex subsets). Note that
Um ! M3, ok+1 is the union of m — 1 matchings which corresponds to the

edges of pk( )(M”) in (Xor U Xoky1)-
Consider the graph

r—1 m—1r—1
U (Fi(Xa;, Xoj1) oK) | U | U U Mdi0i01 | UB(2).
=0 j=1 i=0

Recall that if x4, € Z2y2m, then X, 5 denotes the set of vertices obtained
by replacing z,, by ns independent vertices. Clearly, (Xq, U X q) is (7) a
complete bipartite graph K ns, if 4 p2cq is an edge of Fi(Xaj, Xoj41) C
Zorom,0 < j <r—1, or (ii) a 1-factor between X, and X, 4 in 25 om» if
g bxcd S E(Zgr om) 1s the corresponding edge of at least one matching in
U UT ! M3, 211> Or (iii) graph without edges, if 474 is not an edge
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r—1 m—1r—1
U(Fl(XQj,XQjJ’_l) OFTLS) U U U Mgi,2i+1 UB(Z)
=0 j=1 i=0

Hence if (X, U X.q) is a 1-factor then, relabel X,; or X, 4 so that the
1-factor is of jpmp 0 between them. Now U;;[l)(Fl (X2j, Xoj41) © Kus) @
U;”:_ll Uiy M3, 9,1 © B(Z) is the union of vertex disjoint copies of Ps*,
where P37 is as defined just before Lemma 2.9, for different values of ¢. But

each copy of the form Pj’ has a decomposition into [%H} linear forests,
by Lemma 2.9.

A Z7LS
Thus totally we have (m — 1)ns + [25H] = {%—‘ linear forests
in Z37,, and hence LAC is true for Z3% .
This completes the proof of the lemma. O

Lemma 2.11. For r,m > 2, and ns # 2,6, LAC is true for the graph
(KQT OKS) X (KZm OKn)-

Proof. If n = s = 1, then the proof follows from Lemma 2.2 and hence
we assume that n,s > 1. Observe that the graph (Ko, o K4) X (Ko o
?n) > (Kyr X Kopp) 0 K ,s. The graph K», has a decomposition into r — 1
Hamilton cycles ¢ = {C3,,C3,.,...,C5 '} and a perfect matching F?" =
{zow1, 23, 245, . . ., X2p _2T2r 1}, Where V(Ka.) = {zo,z1,...,72_2,
xor—1}. Further, there exists a matching M 2r of Ky, such that M?" is or-
thogonal to the Hamilton cycles in ¢ and M?" U F?" is a Hamilton path of
Ks,, by Lemma 2.2 of [13].
Thus
(2.1)
(K2T X K2m) o Kpns

((021”'@0227’ @@05;1 @FQT) X K2m) Ofns
= <EB:;11 (C%r X K2m) © Fns) S ((FQT X Kgm) OFns)
=G1® G2

where Gy = (@/— (C%, x Kay) ofns) and Gy = ((FQT X Kom) o Kps).

First, we explain the idea behind the proof of this lemma. Clearly, both
G4 and Gy are spanning subgraphs of (Ka, X Ko, )0 Ks. By Lemma 2.8, we
can decompose (C4. x Kay,) o Kps into (2m — 1)ns + 1 linear forests; out of
these (2m—1)ns+1 linear forests, see the proof of lemma 2.8, 2(m—1)ns are
Hamilton paths, ns are linear forests and one is a matching M;. Using these
linear forests we shall obtain (r —1)(2m — 1)ns linear forests and a matching
UiZ} My, in Gy that is, fa(G1) = (r — 1)(2m — 1)ns + 1. Then we consider
GoUUIZ] M; and we prove that fa(GoUU—; M;) = (m—1)ns+ (2557, Thus
we have la((Kar X Kom)o Kps) = (r—1)(2m—1)ns+ (m—1)ns+ [25t] =
"A((KQTXKQQm)oKm)—H .

Next we shall proceed to complete the proof of this lemma.
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ns ind s (K Km, O?n,s
(R D §D GO G G Go @) | M )

v (B B o B o o ) )

(D §D @D §D GD G GO @U—J)J

X3 ((X:Ln] &) Gy &) & &) (qusi &47] A

Xps (@-‘,u] Ks1) Es2) Grz) Eaa) Eas) Esg) (Xﬁ7]JJ

Each parallel line represents the subgraph isomorphic to (Ko X Ka,,) 0 K 5. Also
each normal line represents a 1-factor between the respective vertex subsets.

FIGURE 14. The graph ((F2 x Ky,) 0 Kns) U UiZp M; =2
Zy o when 2r = 6 and 2m = 8.

If necessary, relabel the vertices of C’%T, 1 <i<r—1,in %, so that
the edge E(M?" N C},.) = x9,_170. Now each of the graphs (C4,. x Kap) o
Kps,1 <i<r—1, can be decomposed into 2(m — 1)ns Hamilton paths, ns
linear forests and a matching M; by the proof of Lemma 2.8. Consequently,
Uiz (Ch, X Ko )oK ps C (Ko X Koy )oK ps has (r—1)(2(m—1))ns Hamilton
paths, (r—1)ns linear forests and another linear forest, a matching U::_ll M;,
of (Ko X Kom) 0 K ps; U::_ll M; is a matching because M?" is a matching in
Ko,.

From the proof of Lemma 2.8, it is clear that the matching M; of (C3, x
Kaop,) o K, is contained in (e; X Kopm) o K5, where ¢; is the only edge in
Ci N M?. As M* U F?* is a Hamilton path of K., the graph ((F?" x
Kop,) 0 Fns) U (U::_l1 M) is connected and it has the structure as shown in
Figure 14.

It is an easy observation that ((F?" x Kay,) 0 Kps) U U:;ll M; = 737

2r,2m:
But Z37,, has a decomposition into (m — 1)ns + (25517 linear forests, by
Lemma 2.10.

Thus totally we have (r — 1)(2m — 1)ns + (m — 1)ns + [25H1]
= {A((K”XK?”)OK"S)H—‘ , and hence LAC is true for the graph (Ko, X Ko, )0

Kps.
This completes the proof of the lemma. O
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Lemma 2.12. For v > 3,m > 1 and ns # 2,6, the graph (C, oK) x
(Kom+10K,,) can be decomposed into 2mns Hamiltgn paths and a matching,
that is, the LAC is true for (Cr o Kg) X (Kom+1 0 Kp).

Proof. If n = s = 1, then the proof follows from Lemma 2.3 and hence we
assume that n, s > 1. Let C = 2921 ... 2,_120. Clearly, (CroKg) x (Komi10
K,) =2 (CrxKopmi1)oK pns. The Hamilton cycle decomposition of Cp. x Koy 11,
described in Lemmas 2.5 and 2.13 of [12], is orthogonal to the matching R”
(see the description of R” at the beginning of this section and Figure 2(b))
constructed in [13]. Clearly, E(Cy, X Komi1) = Uf;&{U?Zle(XZ-,XHl)},
where the subscript of X is taken modulo r. Let 5 = {Hy, Ho, ..., Hom}
be the Hamilton cycle decomposition of C;. x Ko,,11 such that the matching
R’ is orthogonal to the Hamilton cycle decomposition 5 of C,. x Kop,i1,
where

1"
R :{wr—l,OxO,ly Tr—1,120,2, Lr—1,220,3, - - - 5 Lr—1,2m—320,2m—2,

Tr—1,2m—2%0,2m—1, ﬂfr—l,Qm—lﬂ?o,O}

=& {zr_1,%0,i+1} B {Tr—1,2m-1%0,0},

see Lemma 2.11 of [13].

Note that R” C (X, 1 UXo) C Cpr X Kapr1. Hence (U H;) — R' =
(U™ H}), where H! is the Hamilton path arises out of the deletion of an
edge of R” in H;.

Now (Cr XKQm_H)OFnS = (HlEBHQ@. . .@HQm)OFnS = @?ZLI(HZ‘OFnS).
For 1 < < 2m, fix the unique edge of H; N R". If H; N R" = x4 x4, then
H;oK ,, has a decomposition into ns Hamilton cycles and there is a matching
in (Xq,cUXpq) which is orthogonal to these ns Hamilton cycles, by Lemma
2.7. We denote this matching by M;,1 < i < 2m, and let M = Uffl M;,
which is a matching as R” is a matching in C, X Koy,11. Thus we have
decomposed ((Cy o Ks) x (Kam+1 0 K;)) into 2mns Hamilton paths and a
matching M.

This completes the proof of the lemma. O

Lemma 2.13. Forr > 2,m > 1 and ns # 2,6, LAC' is true for the graph
(Kg,,« o Ks) X (K2m+1 ¢] Kn)

Proof. If n = s = 1, then the proof follows from Lemma 2.4 and hence
we assume that n,s > 1. Observe that the graph (Ka, o K) X (K21 ©
fn) > (Kyr X Kopmy1) © K,s. The graph K, has a decomposition into
r — 1 Hamilton cycles € = {C3,,C3.,...,C5 '} and a perfect matching
F?" = {2021, 23, T4T5, . . ., Top_oTo,_1}. Further, there exists a matching
M?" of Ky, such that M?" is orthogonal to the Hamilton cycles in ¢ and
M?" U F?" is a Hamilton path of Ko, by Lemma 2.2 of [13]. Thus
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(2.2)
(Kor X Kopmy1) 0o Kps = ((C3, ©C3. @ ... & Cy 7 @ F?) X Komi1) 0 Kps

(1=} (G x Kaper)) 0 Ko

& ((F 5 Kamer) o Koo
=G1 D Go

If necessary, relabel the vertices of C%.,1 <i < r —1, in €, so that the
unique edge of E(M* NCS) = x9,_120. Now each (C}. x Kopmy1)oKps, 1 <
1 < r—1, can be decomposed into 2mns Hamilton paths and a matching M;
as in the proof of Lemma 2.12. Consequently, U;:%(Cér X Komy1) o Kps C
(K2 X Komy1) © Kps, has (r — 1)2mns Hamilton paths and a matching
UiZ! M;, of Gy; UIZ] M; is a matching of Gy as M?" is a matching of Ko,.

The set of edges of (K2, X Ka11)0K s, which are not on these (r—1)2mns
Hamilton paths are the edges of ((F?" x Kopi1) o Kps) U U::_ll M;. But
F? x Komi1 = @), (Ko X Kapmy1). Let X = {xox0 < k < 2m} and
Y = {2140 < k < 2m} be the bipartition of Ky X Koyy1. Now 2 =
{H1,Hos,...,H,} is a Hamilton cycle decomposition of Ky X Ko;,41, where
H;, = ng_l(X, Y) U FQi(X, Y),l <i<m.As M' = {x072i_1x1’2(2i_1)|1 <
i < m} contains the edges of distinct odd jumps, M’ is orthogonal to the
Hamilton cycles in 7. The graph ((F? x Kzpn1)oKo.) 2 @5, ((K2 X Kam41) o?m) )
But (K2 X Kopmt1) 0 Kns = (B2 H) o Kps = P14 (HZ ofns) . For each
i,1 <4 < m, fix the unique edge 20,2i—121,2(2i—1) of M’ in H;, that is, H;NM".
Now H; o K, has decomposition into Hamilton paths and a matching in
(Xo,2i-1 U Xy 902i—1y) of Hio K,s, by Lemma 2.7. Hence we have mns
linear forests of (Ko X Komi1) © Kns C (Ko X Komy1) 0 Kps. It is not
difficult to check that the edges which are not in these mns linear forests
of (K2 x Komy1) o Kps together with U::_ll M; is a last linear forest, since
M?" U F?" is a Hamilton path of K»,. Thus we have a decomposition of
(K2, 0 Kg) X (Komas1 0 Ky) into 2rmns — mns + 1 linear forests.

This completes the proof of the lemma. O

Lemma 2.14. For r,m > 1 and ns # 2,6, LAC is true for the graph
(K2r+1 o Ks) X (K2m+1 © Kn)

Proof. If n = s = 1, then the proof follows from Lemma 2.5 and hence we
assume that n,s > 1. Clearly, (Ka,41 0 Kg) X (Komy1 0 Kp) = (Korp1 X
Kom+1) o Kps. In [13], it is shown that Ko,y has a Hamilton cycle decom-
position ¢ = {C3,,1,C%.,1,...,C5.1} and a path P of length 7 such that
P is orthogonal to the Hamilton cycles in 4. Now



270 P. PAULRAJA AND S. SAMPATH KUMAR

(2.3)
(K2r+1 X K2m+1) ° Fns = ((CQIT_H S 022r+1 D...0D Cgr—i—l) X K2m+1> o ?ns

= (( Bioy (Chypq X K2m+1)) Ofns)

If necessary, relabel the vertices of C%_,;,1 < i <7, in € so that the edge
E(PﬂCéTH) = x9,20. Now each of the graphs (C’;TJrl X Komi1)oKps, 1 <0 <
r, can be decomposed into 2mns Hamilton paths and a matching M; as in the
proof of Lemma 2.12. Consequently, |J;_, (C’%TJrl X Komi1)o Kps has 2rmns
Hamilton paths and 7 matchings, M;,1 <i <7, of (K241 X Komi1) 0 Kps.
Clearly, |J;_, M; is a linear forest as P is a path of K41. Thus totally

we have 2rmns +1 = {(A(K”“XKQQ””I)OK“)H—‘ linear forests in (Ka,41 X

Koma1) 0 Kps. Hence LAC is true for the graph (Ko 41 X Komy1) © Kps.
This completes the proof of the lemma. O

Proof. Proof of Theorem 1.1. The proof follows directly from Lemmas 2.11,
2.13 and 2.14. O

As an immediate consequence, we have the following

Corollary 2.15. Let r,m > 3 and ns # 2,6. If H is a subgraph of (K o
K) x (Kp 0 Ky) such that A(H) = A((Ky o Ks) x (K 0 Ky,)), then LAC
is true for H.

Corollary 2.16. Let 1 <r <s,1<m <nandns #2,6. If K, 55 s (resp.
Kinm,..n) i a complete multipartite graph with £ > 2 (resp. £ > 2) parts
of size s (resp. n) and one part of size v (resp. m), then LAC is true for
the graph Kr,s,s,...,s X Km,n,n,...,n-
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