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FIBONACCI NUMBERS AND n-COLOUR COMPOSITIONS

RACHNA SACHDEVA, BHARTI GUPTA, AND URVASHI SHARMA

Abstract. Agarwal defined n-colour compositions as ordered n-colour
partitions in 2000. In this paper, we relate n-colour compositions with a
problem of sewage water treatment using a bijection which involves the
well-known Fibonacci numbers. In addition, we study a new restricted
n-colour composition function combinatorially. Our work also includes a
one-to-one correspondence between restricted n-colour compositions and
the number of ways to tile a particular type of rectangle using dominoes
and squares.

1. Introduction

A composition of a positive integer n is an ordered representation of n as
a sum of positive integers. For example, there are 4 compositions of 3 viz
3, 1+2, 2+1, 1+1+1, whereas a partition is an unordered representation of
n as a sum of positive integers, i.e. 1+2 and 2+1 are the same partitions but
different compositions. The parts of a partition or composition are known as
summands. MacMahon in [16] has given a detailed study of compositions.
The close relationship between compositions and Fibonacci numbers is given
by Cayley [6] and Stanley [23]. First we recall the following definitions:

Definition 1.1. The Fibonacci numbers Fn are defined as

F0 = 1, F1 = 1,

Fn = Fn−1 + Fn−2, n ≥ 2.

The following theorem appears in several places in the literature. The
earliest reference can be found in [23].

Theorem 1.2. The number of compositions of n into odd parts equals Fn.

Cayley proved the following theorem in [6]:
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Theorem 1.3. The number of compositions of n+1 into parts greater than
one equals Fn.

Many other results related to compositions of integers are given in [14,
15]. Analogous to partitions of integers, A. K. Agarwal defined n-colour
partitions in [1]. Agarwal also defined n-colour compositions in [2]. Agarwal,
along with other authors, proved many combinatorial properties of these new
objects (see [3, 18, 19]).

Definition 1.4. A partition with “n copies of n” (or an n-colour partition)
is a partition in which a part of size n, n ≥ 1, can occur in n different
colours. These colours are denoted by subscripts and the parts satisfy the
order

11 < 21 < 22 < 31 < 32 < 33 < 41 < 42 < 43 < 44 < 51 < 52 < · · ·

For example, the integer 3 has 3 colours viz. 31, 32, 33. There are 6
n-colour partitions of 3 viz. 31, 32, 33, 21 + 11, 22 + 11, 11 + 11 + 11.

Definition 1.5. An ordered n-colour partition is an n-colour composition.

For example, n-colour compositions of 3 are 31, 32, 33, 21+11, 22+11, 11+
21, 11 + 22, 11 + 11 + 11.

Suppose the number of n-colour partitions and compositions of an integer
ν are denoted by P (ν) and C(ν) respectively. The generating functions for
P (ν) and C(ν) are given in [4] and [2] respectively as follows:

∞∑
n=0

P (ν)qν =

∞∏
n=1

1

(1− qn)n
,

∞∑
n=0

C(ν)qν =
q

1− 3q + q2
.

It was also proved in [2] that the number of n-colour compositions of ν is
the same as 2νth Fibonacci number i.e. C(ν) = F2ν . Much progress has
been made in the field of n-colour compositions since they were introduced
in [2]. For example, restricted n-colour compositions have been studied by
several authors ([10, 11, 21], for instance). Analogous to self-inverse compo-
sitions defined by MacMahon, n-colour self-inverse compositions have been
defined and studied combinatorially in [17, 20]. n-colour compositions are
important for the study of part products and palindromes (see, for instance
[22]). Various graphical representations for n-colour compositions are given
in [19, 21].

In this paper, we give an application of n-colour compositions to a real-life
problem related to sewage water treatment along with some other results. In
Section 2, we provide a bijective proof of our main result related to sewage
water treatment. In Section 3, we study a restricted n-colour composition
function and relate it to a combinatorial problem. In the concluding section,
we give some direction for future work.
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2. n-colour compositions and Sewage treatment problem

The relationship between Fibonacci numbers and sewage treatment plants
was first studied by R. A. Deininger in [8]. Suppose there are n towns on
the bank of a river. These towns discharge their untreated sewage into the
river and pollute the water. The towns would like to build a treatment
plant to control the pollution. It is economical to build one or more central
treatment plants along the main sewer and then send the wastewater from
each town to another one. It is not financially beneficial to split the sewage
of a town between two adjacent towns since this would require the building
of two sewers for the same town. Thus it is clear that every town must
have its sewage treated somewhere and at least one town must discharge
the cleaned water into the river. Let S(n) denote the number of economical
solutions. Clearly S(1) = 1. For n = 2, we have two towns say A and B. In
this case, there are only three possible solutions:

(1) Each town can treat their own sewage and discharge clean water into
the river.

(2) Town A can send its sewage along the pipe (to the right) to B for
treatment and B discharges it into the river.

(3) Town B can send its sewage to A (to the left) which treats it with
its own dirty water and discharges it into the river.
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Thus each town can build its own treatment plant, send the sewage upstream
(−→), or send it downstream (←−).

Let 0 denote no transport between neighbouring towns, 1 denote upstream
transport and 2 denote downstream transport. In this way, we get S(2) = 3.
In other words, the only possibilities for n = 2 are 0,1,2. For n = 3,
the possibilities are 00, 01, 02, 10, 11, 12, 20, 21, and 22, where 21 is not a
solution, since a town cannot simultaneously transfer waste both upstream
and downstream. In this way, we get

S(3) = 8 = 3S(2)− S(1).
Next, n = 4 gives S(4) = 21 solutions given as follows:

000 001 002 010 011 012 020 022
100 101 102 110 111 112 120 122
200 201 202 ��210 ��211 ��212 220 222

Notice that S(4) = 3S(3) − S(2) since there are three words containing
21. In general, consider n + 1 towns with S(n + 1) solutions. Adding one
town increases the number of solutions to 3S(n). From this we must subtract
the number of solutions containing 21, namely S(n − 1). This gives us the
general relation

(2.1) S(n+ 1) = 3S(n)− S(n− 1), n ≥ 1.

Using this recurrence relation, the value of S(n) can be computed for various
values of n. It was also proved in [8] that S(n) equals F2n, the 2nth Fibonacci
number.

We have the following theorem which is proved in two ways: a direct proof
and a bijective proof.

Theorem 2.1. For ν ≥ 1, S(ν) = C(ν).

Direct proof. It is proved in [21] that C(ν) satisfies the same initial condi-
tions and recurrence relation (2.1) satisfied by S(ν). In this way, we get
S(ν) = C(ν). □

Bijective Proof. Let Ων denote the set of solutions enumerated by S(ν) and
∆ν denote the set of n-colour compositions enumerated by C(ν). Let α be a
solution belonging to the set Ων . Suppose there is sewage transportation of
sewage between k towns and water is discharged from the mth town, where
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1 ≤ k ≤ ν, 1 ≤ m ≤ k. Then it corresponds to an n-colour part km of an
n-colour composition. Note that k = 1,m = 1 is the case when a town has
its own sewage treatment plant and there is no transportation. This will
correspond to the n-colour part 11. Since the total number of towns is ν, we
get that the resulting n-colour composition belongs to the set ∆ν .

Conversely, suppose β is an n-colour composition belonging to the set ∆ν .
Let rs denote a summand in β. This corresponds to a transport of sewage
between r number of towns and water is discharged from the sth town. Since
β is an n-colour composition of ν, the sum of all summands is equal to ν.
Hence, the corresponding solution belongs to Ων . □

To illustrate the bijection we have constructed to prove Theorem 2.1, we
give the example for ν = 3 shown in Figure 1.

11 + 11 + 11 11 + 22 11 + 21

21 + 11 22 + 11 33

32 31

Figure 1. Illustration of the bijection to prove C(3) = S(3).
All illustrations are the corresponding solutions enumerated
by S(3), and below them are the n-colour compositions enu-
merated by C(3).

3. A restricted n-colour composition function

In this section, we restrict the parts of n-colour compositions to 1 and 2.
Let A(ν) denote the number of n-colour compositions of ν such that only 1
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and 2 are allowed as parts and A(m, ν) denote the number of n-colour com-
positions enumerated by A(ν) into m parts. Let A(q) and A(m; q) denote
the enumerative generating functions for A(ν) and A(m, ν), respectively.
We have obtained the following theorem:

Theorem 3.1.

(3.1) A(m; q) = (q + 2q2)m,

(3.2) A(q) =
q + 2q2

1− q − 2q2
,

(3.3) A(ν) = A(ν − 1) + 2(ν − 2), ν ≥ 2,

A(0) = 1, A(1) = 1.

Proof.

A(m; q) =
∞∑
ν=1

A(m, ν)qν

=(q + 2q2)m.

A(q) =
∞∑

m=1

A(m; q)

=

∞∑
m=0

(q + 2q2)m − 1

=
1

1− (q + 2q2)
− 1

=
q + 2q2

1− q − 2q2
.

Recurrence (3.3) can be proved by using the generating function (3.2) but
here we give a combinatorial proof as follows:

We split the n-colour compositions enumerated by A(ν) into two classes:

I. Those that have 11 as the extreme left part.
II. Those that have 21 or 22 as the extreme left part.

We transform the n-colour compositions in each case as follows:
In class I, we delete the part 11 and get a composition enumerated by

A(ν − 1). Clearly this process is reversible and hence the number of n-
colour compositions in class I is A(ν − 1).

Next, we transform the n-colour compositions in class II by deleting the
extreme left part 21 or 22 as the case may be. In this way, we get a compo-
sition enumerated by A(ν − 2). Again, this process can be reversed and we
get that the number of n-colour compositions in class II is 2A(ν − 2).
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The above transformations clearly establish a bijection between the n-
colour compositions enumerated by A(ν) and those enumerated by A(ν −
1) + 2A(ν − 2). Thus recurrence (3.3) is proved. □

We connect the sequence A(ν) to a problem of counting ways to tile a
particular type of rectangle. The problem of counting the number of ways to
tile an m×n rectangle has been studied by several authors (see, for instance
[5, 7, 12, 13]). Various authors have used k×k squares, dominoes, L-shaped
trominos, etc., for this purpose. In this paper, we consider a particular case
when m = 2. Let T (n) denote the number of ways of tiling a 2×n rectangle
using 2× 2 squares and 2× 1 dominoes (each domino of size 2× 1 may be
rotated). The following theorem can be easily obtained:

Theorem 3.2.

T (n) = T (n− 1) + 2T (n− 2), n ≥ 2,

T (0) = 1, T (1) = 1.

Proof. For n = 0, there is only one empty rectangle.
For n = 1, there is only one way to tile a 2 × 1 rectangle by using a 2 × 1
domino.

Suppose we have tiled up to 2×n rectangles. Now we can tile a 2×(n+1)
rectangle by using 2× n and 2× (n− 1) rectangles in the following ways:
(I) Add a 2× 1 domino on the right of 2× n rectangle

(II) Add two 2× 1 dominoes by rotating them to the right of a 2× (n− 1)
rectangle
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(III) Add a 2× 2 square to the right of a 2× (n− 1) rectangle

In this way, we have obtained all the ways to tile a 2× (n+ 1) rectangle
and we see that it satisfies the following recursive relation:

T (n) = T (n− 1) + 2T (n− 2), n ≥ 2,

T (0) = 1, T (1) = 1.

□

Theorem 3.3. A(ν) = T (ν) for all ν ≥ 1.

Proof. Both A(ν) and T (ν) satisfy same initial conditions and recurrence
relation. Here we give the bijective proof as follows:

Let Θν denote the set of n-colour compositions enumerated by A(ν) and
Σν denote the set of 2 × ν rectangles enumerated by T (ν). We establish a
bijection between Θν and Σν by mapping each composition in Θν to a 2× ν
rectangle in Σν . We do this by mapping each part of a composition in Θν to
either a 2× 2 square or a 2× 1 domino. Let π = (i1)j1 + (i2)j2 + · · ·+ (ir)jr
be an n-colour composition in Θν . We define ψ : Θν → Σν on the parts
(it)jt , 1 ≤ t ≤ r of π. Since 1 and 2 are the only allowed parts, this gives
1 ≤ jt ≤ it ≤ 2, for any 1 ≤ t ≤ r. Thus we have the following cases:

Case I: it = 1, jt = 1. In this case, we map the part 11 to a 2× 1 domino:

ψ(11) =

Case II: it = 2, jt = 1. The part 21 is mapped to a 2× 2 square:

ψ(21) =

Case III: it = 2, jt = 2. We map the part 22 to two 2× 1 dominoes joined
together after rotating them in the following way:
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ψ(22) =

Now, the map ψ is defined on the composition π as follows:

ψ(π) = ψ((i1)j1 + (i2)j2 + · · ·+ (ir)jr) =

Since (i1)j1 +(i2)j2 + · · ·+(ir)jr = ν, the 2×2 squares and 2×1 dominoes
joined together will give us a 2 × ν rectangle which belongs to Σν . In this
manner, π corresponds to a unique 2 × ν rectangle which is tiled by using
2×2 squares and 2×1 dominoes. This process can be reversed easily to get
an n-colour composition in Θν from a 2×ν rectangle in Σν . This establishes
a one-to-one correspondence between the two. □

To illustrate the bijection we have constructed to prove Theorems 3.3, we
give the example for ν = 3 shown in Figure 2.

11 + 11 + 11 11 + 21 11 + 22

21 + 11 22 + 11

Figure 2. Illustration of the bijection to prove A(3) = T (3).
Each image shows a 2 × 3 rectangle enumerated by T (3),
labeled below with the corresponding n-colour composition
enumerated by A(3).
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4. Conclusion

In this paper, we have associated a restricted n-colour composition func-
tion with the solution of a restricted tiling problem. It is natural to ask
whether unrestricted n-colour compositions can be related to more general
tiling problems. The answer to this question will be of great help to establish
new connections between tiling problems and the Fibonacci numbers.
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